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ABSTRACT
Lasers are an essential technology enabling countless fields of optics, however, their
operation wavelengths are limited to isolated regions across the optical spectrum
due to the need for suitable gain media. Parametric frequency conversion (PFC) is
an attractive means to convert existing lasers to new colors using nonlinear optical
interactions rather than the material properties of the host medium, allowing for the
development of high power laser sources across the entire optical spectrum. PFC in
bulk χ(2) crystals has led to the development of the optical parametric oscillator, which
is currently the standard source for high power light at non-traditional wavelengths
in the laboratory setting. Ideally, however, one could implement PFC in an optical
fiber, thus leveraging the crucial benefits of a guided-wave geometry: alignment-free,
compact, and robust operation.
Four-wave mixing (FWM) is a nonlinear effect in optical fibers that can be used to
convert frequencies, the major challenge being conservation of momentum, or phase
matching, between the interacting light waves. Phase matching can be satisfied
through the interaction of different spatial modes in a multi-mode fiber, however,
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previous demonstrations have been limited by mode stability and narrow-band FWM
gain. Alternatively, phase matching within the fundamental mode can be realized
in high-confinement waveguides (such as photonic crystal fibers), but achieving the
anomalous waveguide dispersion necessary for phase matching at pump wavelengths
near ∼1 µm (where the highest power fiber lasers emit) comes at the cost of reducing
the effective area of the mode, thus limiting power-handling.
Here, we specifically consider the class of Bessel-like LP0,m modes in step-index
fibers. It has been shown that these modes can be selectively excited and guided
stably for long lengths of fiber, and mode stability increases with mode order ‘m’. The
effective area of modes in these fibers can be very large (>6000 µm2 demonstrated)
and is decoupled from dispersion, allowing for phase matching within a single mode
in a power-scalable platform. Furthermore, step-index fibers can guide many different
LP0,m modes, allowing access to a highly multi-moded basis set with which to study
FWM interactions between different modes.
In this thesis we develop techniques to excite, propagate, and characterize LP0,m
modes in order to demonstrate FWM in two regimes: monomode interactions com-
prising waves all belonging to the same mode, and intermodal interactions between
different modes. In the monomode regime we demonstrate parametric sources which
operate at near-infrared wavelengths under-served by conventional fiber lasers, includ-
ing 880, 974, 1173, and 1347 nm. The output pulses for these systems are ∼300 ps in
duration and reach peak powers of ∼10 kW, representing, to the best our knowledge,
the highest peak power fiber laser sources demonstrated at these wavelengths to date.
In the intermodal regime, we demonstrate a cascade of FWM processes between
different modes that lead to a series of discrete peaks in the visible portion of the
spectrum, increasing monotonically in mode order from LP0,7 at 678 nm to LP0,16 at
443 nm. This cascade underscores the huge number of potential FWM interactions
viii
between different LP0,m modes available in a highly multi-mode fiber, which scale as
N4 for N guided modes. Finally, we demonstrate a novel intermodal FWM process
pumped between the LP0,4 and LP0,5 modes of a step-index fiber, which provides
broadband FWM gain (63 nm at 1550 nm) while maintaining wavelength separations
of nearly an octave (762 nm) – a result that cannot be replicated in the single-mode
regime. We seed this process to generate a ∼10 kW, ∼300-ps pulsed fiber laser
wavelength-tunable from 786-795 nm; representing a fiber analogue of the ubiquitous
Ti:Sapphire laser.
ix
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1Chapter 1
Introduction
1.1 High power lasers and nonlinear optics
The optical laser, invented by Theodore Maiman in 1960 (Maiman, 1960), is a funda-
mental technology in today’s world. Lasers have grown from engaging our collective
imagination through works of science fiction, to being an essential part of our day
to day lives, facilitating communications, industry, and entertainment. Lasers are
now mainstream and commercially available, replacing many existing technologies by
enabling superior performance; for example, the once prevalent cassette tape is now
obsolete due to CD, DVD, and Blu-Ray technologies – all enabled by optical readout
via lasers.
The crucial component of any laser system is the gain medium. The gain medium
facilitates the transfer of some form of energy (typically electrical or optical) to co-
herent radiation through the transitions of the electronic or molecular states of the
host material. Therefore the emission wavelength of a laser is tied to the material
properties of the gain medium. When we consider specifically lasers compatible with
high peak power operation (for our purposes >10 kW), finding suitable gain media
is not trivial. The table below shows a list of popular high-power-compatible gain
materials and their emission wavelengths:
2Medium Emission wavelength
Nd:YAG 1.064 µm
Ti:Sapphire 0.7-1.1 µm
Ytterbium 1-1.1 µm
Erbium 1.5 µm
Thulium 1.9-2.1 µm
Table 1.1: Popular high-power gain media and their emission wave-
lengths
Considering the emission wavelengths above, it is clear that high power laser tech-
nology is segregated to the near-infrared portion of the spectrum, leaving a majority
of optical frequencies without applicable sources (notably visible and mid-infrared
wavelengths). There are of course many applications requiring lasers in these under-
served wavelength regimes: some examples include high power blue-green radiation
(4XX nm) for underwater communications and sensing (Akyildiz et al., 2005; Embley
et al., 2006; Hanson and Radic, 2008), yellow radiation (589 nm) for sodium guide
star applications (Max et al., 1994; Morris, 1994; Avicola et al., 1994; Max, 1997;
Feng et al., 2009), mid-infrared radiation (2-14 µm) for explosives detection (Steinfeld
and Wormhoudt, 1998; Todd et al., 2002; Caygill et al., 2012), as well as laser sources
within the optical transparency windows of biological tissues (1.3 and 1.7 µm) for
deep-tissue microscopy (Xu and Wise, 2013). There is accordingly significant interest
in developing laser technologies for these regions.
Nonlinear optics (NLO) may provide a potential solution to this problem. A non-
linear optical interaction is one in which the response of a material is not linearly
proportional to the magnitude of the applied electric field, resulting in a host of dif-
ferent effects – including, in some cases, the conversion of the incident light wave to
a new frequency (Franken et al., 1961; Armstrong et al., 1962). Unlike a laser gain
medium, however, the frequency output from a nonlinear, or parametric, frequency
3conversion (PFC) process is not directly related to the nonlinear material; the inter-
action only requires that energy and momentum of the interacting light waves are
conserved. Therefore an existing high power laser paired with a nonlinear frequency
conversion system is an attractive platform for generating high power radiation at
wavelengths all across the optical spectrum.
This is the principle at work in an optical parametric oscillator (OPO) (Giord-
maine and Miller, 1965) wherein an anisotropic bulk medium facilitates the χ(2)
nonlinearity, leading to interactions involving three photons. Fig. 1·1(a) and (b)
schematically demonstrate the two most common χ(2) processes: sum and difference
frequency generation, respectively. By placing the nonlinear medium into a resonant
cavity, pump light passes through the crystal and is converted to a new frequency.
This frequency can be tuned simply by adjusting the angle of the crystal in order
to operate at wavelengths all across the spectrum. Modern OPOs provide hundreds
of nanometers of tuning bandwidth, making them a mainstay for applications across
all disciplines of optics (Tang et al., 1992; Driscoll et al., 1994; Myers et al., 1995;
Coherent, 2010).
While the OPO has become a mature, and useful technology, it is not without
drawbacks. Because nonlinear crystals provide only short interaction lengths, OPO
systems require the pump to pass through the medium multiple times in order to
efficiently convert to a new frequency. This required free space cavity is inevitably
composed of many moving parts, thus OPOs typically have large footprints and are
notoriously difficult to align and keep aligned. Furthermore, the nonlinear crystal is
subject to degradation over time requiring periodic maintenance. As a result, these
systems are undesired for rugged, non-laboratory applications.
An ideal system would employ a single-pass (as opposed to resonant) conversion
geometry, handle high peak powers, and be capable of alignment-free operation in a
4Figure 1·1: Example parametric frequency conversion processes for
the χ(2) and χ(3) nonlinear susceptibilities. (a) Difference frequency
generation. (b) Sum frequency generation. (c) Four-wave mixing. (d)
Four-photon sum frequency generation.
small-footprint configuration. These are exactly the characteristics that have fueled
the development and success of optical fiber lasers (Snitzer, 1961; Koester and Snitzer,
1964). Additionally, the silica glass which comprises most optical fibers is an isotropic
medium which has χ(3) nonlinearity. Thus fibers can be used to demonstrate nonlinear
frequency conversion processes between four interacting waves. Examples of χ(3) PFC
processes are shown in Fig. 1·1 including four-wave mixing (c) and four-wave sum
frequency generation (d). Because fibers guide waves, the interaction lengths for fiber-
based nonlinearities can be meter or even kilometer-scale, making them compatible
with a single-pass conversion geometry. It follows that a fiber laser paired with a
fiber-based PFC mechanism is an ideal means to address the need for high power
5lasers at novel wavelengths.
1.2 Four-wave mixing in optical fibers
An optical fiber is a cylindrical glass structure defined by an inner ‘core’ region with
a slightly higher refractive index than the surrounding ‘cladding’ region. The index
difference between the two regions causes total internal reflection at the boundary,
allowing light to be guided by the structure. Light in the fiber is comprised of a set of
discrete, orthogonal eigenmodes that can propagate for kilometer scale lengths (Kao
and Hockham, 1966), making these systems ideal for investigating nonlinear processes.
Accordingly, χ(3) effects including stimulated Raman scattering (Stolen et al., 1972),
stimulated Brillouin scattering (Smith, 1972), and four-wave mixing (FWM) (Stolen
et al., 1974) were demonstrated immediately following the development of the first
low loss fibers.
FWM is perhaps the most relevant of the χ(3) effects for the goal of converting
high power lasers to new frequencies. In a FWM process (Fig. 1·1(c)) two pump
photons, which are often degenerate in wavelength, are annihilated to create a lower
frequency Stokes photon and a higher frequency anti-Stokes photon. The sum of the
pump photon frequencies must equal that of the anti-Stokes and Stokes frequency
in order to conserve energy. The process must also conserve momentum, where the
momentum of a light wave is proportional to its propagating phase. In bulk media,
such as χ(2) crystals, momentum conservation or equivalently, “phase matching,” is
relatively simple given that the waves interact in free space. Thus, as alluded to in
the previous section, tuning the angle of a χ(2) crystal with respect to the incoming
beam can tune the free space wave vector k to achieve phase matching for different
frequencies.
In a guided-wave geometry, the propagation constant β has discrete values for dif-
6ferent modes and is therefore not a continuous parameter. This allows for two possible
mechanisms to achieving phase matching in an optical fiber: either one discretely ap-
proximates angle tuning by employing a combination of different modes which phase-
match at their respective wavelengths; or one tailors the frequency-dependence of
the propagation constant of a single mode, such that the combination of photons at
different wavelengths phase-match.
The first optical fibers were multi-mode fibers (MMFs), and accordingly, the first
demonstrations of FWM used interactions between different propagating modes to
achieve phase-matched frequency conversion (Stolen et al., 1974; Stolen, 1975). While
these early experiments showed the promise of FWM in fibers, the narrow conversion
bandwidths and relative difficulty of controlling mode content in these fibers limited
their utility. The subsequent development of single mode fibers (SMFs) thus sparked
interest in investigating nonlinear effects in a simpler, more stable platform (Marhic
et al., 1996). Without the benefit of multiple modes, however, FWM in the single-
mode regime requires tailoring the frequency-dependent propagation characteristics
of the mode. It can be shown that phase matching in this regime requires that the
dispersion (proportional to the curvature of β with respect to frequency) of the mode
at the pump wavelength be approximately zero (discussed in detail in Sec. 3.2.1).
However, the material dispersion of glass is highly normal for wavelengths above
1300 nm, thus phase matching, and accordingly FWM, in typical SMFs is relegated
to wavelengths far away from where the highest power ytterbium-doped fiber lasers
operate (λ ∼ 1 µm).
Micro-structured or photonic crystal fibers (PCFs), developed in 1996 (Knight
et al., 1996), are a potential solution for the dispersion problem. The core region of
a PCF is surrounded by air holes creating a waveguide with a much larger refractive
index contrast than typical fibers. High confinement within the core leads to increased
7anomalous waveguide dispersion, which counteracts the material dispersion of silica
to achieve net anomalous dispersion for the fiber. By shrinking the dimensions of
the waveguide, the anomalous dispersion regime can be moved to lower wavelengths
(Knight et al., 2000). This new platform for dispersion engineering in the near-
infrared and visible spectral regimes led to a resurgence in the field of fiber NLO
(Russell, 2003; Dudley and Taylor, 2009), even leading to the first demonstration of
super-continuum generation in a fiber (Ranka et al., 2000).
One issue with PCFs, however, is that the dispersion of the waveguide is nec-
essarily coupled to effective area of the guided mode. In order to achieve near-zero
dispersion in the 1 µm wavelength range, the core of the fiber and thus the area of
the guided mode must be very small. This leads to high intensities and thus low
thresholds for nonlinearity, but ultimately the power-handling of the fiber is limited
by dielectric breakdown of the glass (Stuart et al., 1995; Ramachandran et al., 2008).
Therefore PCFs are ideal for demonstrating nonlinear effects, but not compatible with
high-power PFC. This coupling of the waveguide dispersion and effective area (Aeff)
is only the case for the fundamental mode. For higher order modes (HOMs) in step-
index fibers, dispersion and Aeff are decoupled, allowing for power-scalable FWM
within a single HOM (discussed in detail in Sec. 2.2). These properties motivate a
return to MMFs for further investigation of high power fiber NLO.
Indeed, in recent years, nonlinear fiber optics in multi-mode geometries has been
a trend for the field; including the study of FWM in few-mode fibers (Tu et al., 2009;
Cheng et al., 2012a; Chen et al., 2013) for applications in telecommunications (Essi-
ambre et al., 2013; Friis et al., 2016) and quantum information (Pourbeyram et al.,
2015; Pourbeyram and Mafi, 2016), investigation of soliton formation and ultrafast
nonlinear dynamics in multi-mode geometries (Poletti and Horak, 2008; Cheng et al.,
2012b; Wright et al., 2015; Rishøj et al., 2016), super-continuum generation (Konorov
8et al., 2004; Zwan et al., 2013; Cherif et al., 2008), intermodal Raman scattering (Tra-
bold et al., 2013; Pourbeyram et al., 2013; Rishøj et al., 2017), and third harmonic
generation (Efimov et al., 2003a; Efimov et al., 2003b). Many of these demonstra-
tions, however, have not addressed the linear aspects of the space necessary to achieve
efficient, stable, and well-characterized processes. For example, previous experiments
have primarily relied on offset coupling to launch light into the fiber, which limits
control of the mode content and restricts interactions to the lowest order modes. Ad-
ditionally, experiments have often made use of graded-index MMFs which, by design,
do not stably propagate HOMs. Accordingly, the multi-mode regime has yet to reach
the same utility as single-mode nonlinear optics.
1.3 Higher order modes in fibers
In recent years, the idea of using single, or controlled superpositions of modes in few-
moded or highly multi-moded waveguides has seen a resurgence for linear applications.
Part of this change in thinking stems from the demonstration that Bessel-like LP0,m
modes in highly multi-moded step-index structures can propagate for long lengths
without freely coupling to other waveguide modes (Ramachandran et al., 2006b).
This has led to many interesting applications of this specific class of modes in linear
optics, including dispersion compensation (Poole et al., 1994b; Ramachandran et al.,
2003a; Ramachandran, 2005), particle trapping and manipulation (Chen et al., 2012),
and effective area scaling for high power fiber lasers (Ramachandran et al., 2008;
Nicholson et al., 2012).
Pioneering research in the excitation and stable propagation of LP0,m modes for
these applications has created a foundation for investigating HOMs in the nonlinear
regime where their properties circumvent the limitations of previous demonstrations
(as discussed in the previous section) and thus make them ideal for power-scalable
9PFC. Specifically, HOMs can be selectively excited and stably guided over lengths
more than sufficient for frequency conversion. They typically have large effective
areas and are thus compatible with power-scaling. Anomalous dispersion is a natural
property of HOMs and is not coupled to effective area, thus dispersion engineering
does not limit power-handling. Finally, multi-mode fibers can stably guide many
different modes, allowing for many different potential FWM processes between the
modes of the fiber.
Figure 1·2: (a) Tuning phase matching in bulk materials by chang-
ing the angle of the incident light with respect to the crystals optical
axis. (b) Tuning phase matching in multimode waveguides by changing
mode orders, analogous to (a). (c) Wavevector diagrams: propagation
constant (β) versus transverse wavenumber (kT ) for monomode (left)
and intermodal (right) processes. Green lines are pump waves, whereas
red and blue lines are Stokes and anti-Stokes waves, respectively. Re-
produced from Fig. 1 in (Demas et al., 2015).
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In light of these key properties, this thesis aims to investigate the utility of HOMs
for power-scalable PFC in two regimes:
First, given that dispersion and Aeff are decoupled in these waveguides, FWM
interactions between waves propagating in a single HOM may be of use for generating
parametric lasers with output powers beyond the capability of PCFs. Recalling that
the crucial benefit of χ(2) nonlinearities in bulk materials is that phase matching can
be achieved at different wavelengths by tuning the angle of the crystal (Fig. 1·2(a)), it
is also interesting to note that the simplest picture of modes in a fiber is a group of rays
bouncing at different angles (Fig. 1·2(b)). The ability to access many modes is a fiber
is analogous to angle tuning in a χ(2), albeit with discrete modes/angles, therefore we
expect these systems may support wavelength-agile, high-power frequency conversion.
Second, the presence of many modes in the fiber allows for intermodal FWM inter-
actions. Where phase matching within a single mode requires tailoring the frequency-
dependence of the propagation constant, the availability of other modes leads to many
possible paths to conserve momentum (Fig. 1·2(c)). Previous studies of intermodal
NLO, including the first demonstration of FWM in fibers (Stolen et al., 1974), have
thus far only demonstrated processes with narrow band FWM gain, and were plagued
by poor mode stability and lack of deterministic mode excitation. Here, we will use
the properties of LP0,m modes to provide a platform enabling stable guidance and
selective excitation of many different modes, allowing us to consider whether it is
necessarily true that intermodal FWM must result in narrowband gain, or whether
unique solutions distinct from those possible in the single-mode regime can be found.
1.4 Thesis content and organization
The goal for this thesis is to investigate PFC with HOMs in highly multi-mode fibers.
The necessary elements for a PFC system are shown schematically in Fig. 1·3 below.
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A high power laser source is needed to generate sufficient nonlinearity in the fiber,
followed by a mode conversion system to couple the Gaussian laser beam to the
desired mode or modes in the sample fiber. A method for measuring the mode
content excited by the conversion system is necessary to ensure the target mode has
been excited with high efficiency and purity. A properly-designed multi-mode fiber
is needed to guide the modes and facilitate nonlinear interactions. And finally, the
output of the fiber must be interrogated in the space, time, and wavelength to fully
characterize nonlinear processes.
Figure 1·3: Schematic of the elements comprising a intermodal para-
metric frequency conversion system.
With these needs in mind, the thesis is organized as follows:
Chapter 2 describes the properties of HOMs in fiber, including their field solutions
and criteria for their stable guidance (Sec. 2.1), their dispersion (Sec. 2.2), and a
formalism for modeling the coherent effects between them (Sec. 2.3).
Chapter 3 gives a theoretical framework for FWM in optical fibers. The coupled-
amplitude equations describing conversion of a pump to new frequencies are derived,
and solved for the case where the pump is not depleted (Sec. 3.1). The phase matching
condition for monomode and intermodal FWM is discussed (Sec. 3.2). Finally, a brief
formalism for stimulated Raman scattering is introduced as this effect can compete
with FWM in the nonlinear regime (Sec. 3.3)
The beginning of chapter 4 discusses methods for determining the mode purity
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in MMFs (Sec. 4.1). The rest of the chapter is devoted to frequency-domain cross-
correlation imaging (fC2), a technique for interferometrically measuring mode content.
Chapter 5 introduces three mechanisms for converting a Gaussian beam to a
desired HOM: long period gratings (LPGs) (Sec. 5.1), binary phase plates (BPPs),
and axicons (Sec. 5.3).
Chapter 6 presents the designs of the three fibers used for FWM experiments
(Sec. 6.1).
Chapter 7 describes the pump lasers employed for FWM experiments including a
fixed-wavelength ytterbium-doped fiber system used for initial experiments (Sec. 7.1),
as well as a wavelength and pulse-duration-tunable multi-stage ytterbium-doped fiber
laser (Sec. 7.2) used for the seeded intermodal FWM experiments described at the
end of the thesis.
Chapter 8 describes FWM experiments in the monomode regime – meaning that
all of the interacting waves reside in the same HOM. The first section describes
proof-of-principle parametric amplification experiments in the anomalous dispersion
regime (Sec. 8.1). The second section describes subsequent experiments in the normal
dispersion regime leading to high-peak-power operation at wavelengths across the
near-infrared (Sec. 8.2). The third second describes methods for scaling the output
power and efficiency of these systems (Sec. 8.3).
Chapter 9 discusses the demonstration of FWM in the intermodal regime. The
first section includes two spontaneous FWM experiments (Sec. 9.1), where intermodal
processes are observed and analyzed by first pumping a supercontinuum and gener-
ating new frequencies in a cascaded fashion, and second, through specific tailoring of
the pump modes. The second section (Sec. 9.2) discusses a specific set of ‘mmnn’ -
symmetric processes which provide broadband FWM gain at wavelengths far from
the pump. An experimental demonstration follows where one such process is seeded
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in order to generate high peak power, wavelength-tunable radiation in the 7XX nm
regime – leading to a fiber laser source with characteristics analogous to a Ti:Sapphire
laser.
Finally, chapter 10 summarizes the main results of the thesis (Sec. 10.1), and
discusses possible future directions for the research (Sec. 10.2).
The first three appendices describe simulation methods for various aspects of
this project. Appendix A describes the scalar modesolver we used for calculating
the transverse electric fields of LP modes in a fiber with an arbitrary refractive index
profile. Appendix B discusses propagation of azimuthally constant fields in the Fresnel
regime. Appendix C discusses the transfer matrix method for simulating chirped
LPGs, and methods for calculating grating spectra.
Appendix D provides a list of the publications resultant from the work relating to
this project.
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Chapter 2
Higher Order Mode Theory
Higher order modes (HOMs) in fibers have unique properties that make them attrac-
tive for many applications in optics. In this chapter, some of these properties will
be derived from basic waveguide principles. In the first section (Sec. 2.1), the field
solutions for the LP modes of a step-index multi-mode fiber (MMF) are derived under
the weakly-guiding approximation and the criteria for stably guiding these modes are
discussed. In Sec. 2.2, a simple slab index waveguide model is used to discuss higher
order mode (HOM) dispersion followed by a more rigorous analysis of dispersion for
LP0,m modes in step-index fibers. Finally, in Sec. 2.3, the coherent interaction be-
tween co-propagating modes in a fiber, known as multi-path interference (MPI), is
discussed.
In addition to the properties intrinsic to these modes within the fiber, HOMs
have unique properties in free-space as well. As Sec. 2.1 will show, the solutions
for the LP0,m modes closely resemble truncated Bessel-beams (Durnin, 1987), and
accordingly have Bessel-like propagation characteristics in free-space. These modes
resist diffraction and have extended depth of focus, as well as the ability to self-heal
(Steinvurzel et al., 2011), attributes that are interesting for light sheet microscopy
(Planchon et al., 2011) among other applications. Single Bessel beams, and super-
positions of different Bessel-beams are also of interest for particle manipulation and
trapping (Isenhower et al., 2009; Chen et al., 2012). The properties of these modes
outside the waveguide are not central to the work described here, however, they could
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potentially be useful for various applications of parametric sources with HOM output
beams.
2.1 Modes in step-index fibers
Optical fibers are cylindrical resonators which allow, or guide, discrete modal solutions
within them. In this section, the scalar solutions for these modes will be derived for
a single-cladding, step-index multi-mode fiber (Fig. 2·1) following the notation of A.
Ghatak and K. Thyagarajan (Ghatak and Thyagarajan, 1998). A discussion of the
criteria for stable guidance of LP0,m modes in step-index fibers follows.
2.1.1 Scalar modes in optical fibers
Figure 2·1: Schematic of a typical step index fiber with core radius
a, core refractive index n1, and cladding refractive index n2.
A step-index fiber, such as the one shown schematically in Fig. 2·1, comprises a
homogenous high index core region, surrounded by a lower index cladding region.
The refractive index profile of the structure can be piece-wise defined along the radial
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coordinate r such that
n(r) =


n1 r ≤ a core,
n2 r > a cladding
(2.1)
where a is the radius of the core. We assume the index profile is constant along
the azimuthal coordinate φ and along the propagation axis z, which is generally the
case for traditional fibers. Here we make the crucial “weakly-guiding” approximation
that n1 ∼ n2. For this condition, we can assume the electric fields are composed
of a transverse amplitude with a propagating phase, and form two sets of x and y
linearly-polarized (LP) modes with degenerate propagation constants. Unless the
index contrast is extremely high (such as an air/glass interface), this is a reasonable
approximation. In this regime, the bound electric fields in the waveguide must be
solutions of the scalar wave equation
∇2Ψ = n
2(r)
c2
∂2Ψ
∂t2
(2.2)
where c is the speed of light in vacuum, t is time, and electric field Ψ is given by
Ψ(r, φ, z, t) = ψ(r, φ)ei(ωt−βz) (2.3)
where ω is the angular frequency of the light, ψ(r, φ) is the transverse electric field
amplitude, and β is the propagation constant. Substituting the definition for Ψ in
Eq. (2.3) into Eq. (2.2) results in the following equation, expressed in cylindrical
coordinates
∂2ψ
∂r2
+
1
r
∂ψ
∂r
+
1
r2
∂2ψ
∂φ2
+ [k20n
2(r)− β2]ψ = 0 (2.4)
where the free space wave number is defined by by k0 = ω/c. The solution is separable
in r and φ such that ψ(r, φ) = R(r)Φ(φ). The solutions of the angular-dependent
part of the equation, Φ(φ), have the form of either cos(lφ) or sin(lφ) where l is the
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integer angular eigenvalue of the mode. The radial part yields the following equation:
r2
d2R
dr2
+ r
dR
dr
+ ([k20n
2(r)− β2]r2 − l2)R = 0 (2.5)
There are two distinct regimes for solutions to the r-dependent equation above. First,
if the condition k20n
2
1 > β
2 > k20n
2
2 is satisfied, then solutions are actual guided modes
of the fiber. The propagation constant β takes on discrete solutions for different
values of the indices l, and m which describe the radial and azimuthally symmetry of
the solutions. All allowed modes are orthogonal to one another such that
∞∫
0
2pi∫
0
ψ∗l,m(r, φ)ψl′,m′(r, φ) r dr dφ = δl,l′δm,m′ (2.6)
where δi,j is the Dirac delta function, which is unity for i = j, and zero for i 6= j.
If instead, β2 < k20n
2
2, the mode is not bound by the waveguide and is a part of a
continuum of modes referred to as radiation modes. Light coupled to these modes
is radiated out of the waveguide and lost. The guided and radiation modes together
describe a complete basis such that any arbitrary field ψ(r, φ, z) can be expressed as
a weighted sum of radiation and guided modes
ψ(r, φ, z) =
∑
l,m
cl,mψl,m(r, φ)e
−iβl,mz +
∫
c(β)ψβ(r, φ)e
−iβzdβ (2.7)
where cl,m is the coefficient of the guided mode ψl,m, and c(β) is the coefficient for the
radiation mode ψβ. Each coefficient cl,m can be computed by evaluating the overlap
integral between the incident field and the relevant mode of the fiber – a technique
used in Chap. 5 to assess the efficacy of different free space HOM coupling schemes.
The solution for the transverse field in the r coordinate can be found by solving
Eq. (2.5), which is a form of Bessel’s equation (Abramowitz and Stegun, 1965). The
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solutions for the field in and outside the core are given by
ψ(r, φ) =


A
Jl(U)
Jl(
Ur
a
)

 cos lφ
sin lφ

 ; r < a
A
Kl(W )
Kl(
Wr
a
)

 cos lφ
sin lφ

 ; r > a
(2.8)
where A is a constant, Jl is a Bessel function of the first kind of order l, Kl is a
modified Bessel function of the second kind of order l, and W and U are given by:
U = a
√
k20n
2
1 − β2 (2.9)
W = a
√
β2 − k20n22 (2.10)
The J-type Bessel functions are oscillatory, where as the K-type vanish, ensuring
that light in the cladding evanescently decays and the solution is square-integrable.
Continuity of the field at the boundary is imposed by the constant A in the definitions
above, however, continuity of ∂ψ/∂r must also be imposed. A linear polarizer (LP)
mode has transverse electric and magnetic components at the boundary, therefore
assuming continuity of the first derivative of the linear field at the boundary is not
completely rigorous – the different vector components of the polarization in cylin-
drical symmetry (Er, Eφ, Ez) should have different boundary conditions. However,
in the scalar, weakly-guiding regime, we can assume continuity of the derivative of
the linearly polarized field with negligible error (Ghatak and Thyagarajan, 1998).
Through Bessel identities, the following relationships are ascertained
U
Jl−1(U)
Jl(U)
= −WKl−1(W )
Kl(W )
(2.11)
U
J1(U)
J0
= W
K1(W )
K0(W )
(2.12)
where Eq. (2.11) corresponds to modes for which l > 0, and Eq. (2.12) corresponds to
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l = 0. These equations are a form of the transcendental equations that describe the
propagation constant β for each mode, and thus U , W , and the field profile. They
can be solved graphically by plotting the intersection points between the left and
right hand sides.1 For a given l, the sequential intersections points are described by
the integer m, the radial eigenvalue, which describes the number of oscillations of the
mode within the guiding region. The azimuthal index l describes the oscillations of
the field in the azimuthal coordinate.
Fig. 2·2 shows the solutions for several fiber modes in one and two dimensions.
The LP0,1 mode (a) is simply a spot with a constant phase, similar to a Gaussian
beam. The LP1,1 mode (b) has one azimuthal null owing to its cos(φ) dependence,
and each lobe has opposite phase from the other. LP0,2 (c) has a center spot and a
surrounding ring with the opposite phase of the center spot. All LP0,m modes share
this symmetry – a center spot surrounded by m−1 rings of alternating 0 and π phase.
Note that for all of the modes guided in the fiber, the phase can only take on binary
values of 0 or π as the transverse electric field solutions are strictly real.
Figure 2·2: One and two-dimensional transverse electric field solutions
for several modes in a step index multi-mode fiber.
1Or, the mode solutions can be found using an eigenmode solver employing the finite difference
method, as described in App. A
20
The number of modes guided in a fiber is determined by both the core to cladding
index step, and the radius of the guiding region. Both of these parameters are encom-
passed in the normalized waveguide parameter V = k0a
√
n21 − n22. If the propagation
constant of a mode is such that β < n2/k0, then the mode is not guided; instead,
it is “cutoff” and becomes a part of the continuum of radiation modes. It can be
shown that the cutoff condition occurs for V < Vc where Vc for modes of a given l is
described by
Vc


l = 0 modes: J1(Vc) = 0
l = 1 modes: J0(Vc) = 0
l ≥ 2 modes: Jl−1(Vc) = 0 , Vc 6= 0
(2.13)
The Bessel functions (Jl) have multiple roots which correspond to the radial eigenval-
ues m for each mode with a given l. For example, the second root of J1 corresponds
to the cut off for LP0,2. The HOM with the lowest cutoff value is LP1,1; when it is
cutoff, the waveguide is single-moded. This condition is given by the first root of J0,
such that V < 2.41 corresponds to a single-mode waveguide. If instead, V ≫ 1, the
waveguide is highly multi-moded and the number of modes can be approximated by
∼ V 2/2.
The analysis here pertains to a step-index multi-mode fiber with a single cladding.
Fibers can be fabricated with significantly more complicated profiles, however. Double-
clad fibers, as an example, often have step index profiles with two steps that define
a core, inner-cladding and outer-cladding (see Sec. 6.1.1, for example). Provided
the index profile is piece-wise constant, solutions can still be described analytically
as combinations of Bessel J and Y functions with several boundaries to consider.
For arbitrarily complicated refractive index profiles, numerical methods are needed
to solve for the modes, such as the scalar eigenmode solver described in App. A.
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Note that the remarks made discussing the field profiles and symmetries of the LP0,m
modes are valid for all refractive index profiles in the weakly guiding regime, and thus
apply to the each of the fibers (see Sec. 6.1) used for the experiments discussed in the
following chapters.
2.1.2 Criteria for stable guidance
As discussed above, the modes of an optical fiber are orthogonal solutions, therefore,
in the absence of a perturbation to the fiber’s refractive index profile, we expect that
the power coupled into a particular mode in a fiber will reside in that mode throughout
the entirety of propagation. However, in Sec. 5.1.1, we will see that periodic index
perturbations can lead to resonant transfer of energy from one mode to another. These
perturbations do not necessarily need to be periodic in order for mode coupling to
occur; a single perturbation (generally a bend or twist in the fiber) can cause power
to unintentionally leak from one mode to another. If the fiber is subject to many
perturbations, power will couple to neighboring modes which can in turn couple to
other modes, leading to a random assortment of modes and relative group delays at
the output of the fiber. This process is referred to as distributed mode coupling,
and it is problematic for four-wave mixing (FWM) because it drastically reduces the
effective length and thus conversion efficiency of a given frequency conversion process.
The likelihood of undesired coupling goes as exp[−1
2
Lc∆β], where Lc is the correla-
tion length of the perturbation, and ∆β is the difference in the propagation constants
of the initial and final modes, proportional to the effective index difference ∆neff
(Marcuse, 1984; Bjarklev, 1986; Ramachandran et al., 2015). The symmetry of the
perturbation determines the difference in azimuthal index (l in LPl,m) between the
coupled modes. Given that the most prevalent perturbation expected is a microbend,
which can be modeled as a perturbation with cos(φ) dependence (Marcuse, 1982), we
expect maximum coupling between modes for which ∆l = 1. With these considera-
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tions in mind, it follows that mode coupling for LP0,m modes will primarily result in
power transfer to the nearest neighbor LP1,m and LP1,m−1 modes, and maximizing the
effective index difference, ∆neff , between these modes will improve mode stability.
Determining a threshold ∆neff for stable propagation is not straightforward – how-
ever, it is well known that polarization-maintaining (PM) fibers have birefringence on
the order of ∼ 1× 10−4 and can resist coupling between the polarization states over
significant lengths (∼100 m). Therefore, a minimum criterion for mode stability can
be approximated by ∆neff > 1× 10−4, though ideally ∆neff is as large as possible.
Figure 2·3: (a) Several refractive index profiles as a function of q,
where n(r,q) is given by Eq. (2.14). The fiber constants correspond to
a typical multi-mode fiber: n1 = 1.48, N = 500, and ∆ = 0.03. (b)
Index splitting parameter δ (given by Eq. (2.16)) as a function of q.
Dashed black lines delineate q for each of the profiles in (a).
Effective index splitting in a fiber is related to the functional form of the refractive
index profile. For example, consider a multi-mode fiber with an arbitrary refractive
index profile given by
n2(r, q) =


n21
(
1− 2∆ [ r
a
]q)
r < a
n21(1− 2∆) = n22 r ≥ a
(2.14)
where a is the radius of the core, n1 is the index of the core at r = 0, ∆ is the
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normalized index step given by (n1 − n2)/n1, and n2 is the refractive index of the
cladding. The factor q describes the shape of the profile such that q = 2 corresponds
to parabolic index profile (purple line, Fig. 2·3(a)), and q →∞ describes a step-index
fiber (red line, Fig. 2·3(a)). Refractive index profiles for several q values are shown
in Fig. 2·3(a). In such a fiber, the propagation constant for each mode, β, can be
approximated by (Ghatak and Thyagarajan, 1998)
β2l,m ≈ k20n21
[
1− 2∆
( v
N
) q
q+2
]
(2.15)
where k0 = 2π/λ, λ is wavelength, N is the number of guided modes in the fiber, and v
depends on the radial and angular eigenvalues of the mode such that v ∼ (m+ l+1)2.
Given that β = k0neff and ∆neff ≈ [(n0,meff )2 − (n1,meff )2]/2n1, the effective index
splitting between LP0,m and LP1,m in such a fiber is proportional to a value δ defined
by
∆neff = ∆n1
(
1
N
) q
q+2
δ, δ ≡
[
(m+ 2)
2q
q+2 − (m+ 1) 2qq+2
]
(2.16)
Fig. 2·3(b) shows δ as a function of q for several different modes, assuming n1, N ,
and ∆ are constant with changing q. The dashed vertical lines correspond to the
index profiles in Fig. 2·3(a). Effective index splitting increases with q meaning that
a step-index fiber is the best design for maximizing index splitting to achieve stable
mode propagation. Accordingly, all of the fibers used in our experiments are as close
to step-index as possible.
Fig. 2·3(b) also illustrates the fact that effective index splitting increases as a
function of mode order. The increased stability of the highest order modes in the
fiber relative to lower modes seems counter intuitive: increased mode volume should
cause the effective index splitting between adjacent modes to decrease. Indeed this is
the case, however, the symmetry of likely perturbations to the fiber (i.e. bends) acts
as a selection rule which determines that only the splitting between LP0,m modes and
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their nearest neighbor LP1,m modes is relevant. At higher mode orders, other LPν,n
modes are stacked between LP0,m and LP1,m in effective index; therefore the overall
adjacent mode splitting decreases, but the separation between the modes that are
likely to couple actually increases. Effective index splitting in the context of mode
stability is discussed further in (Ramachandran et al., 2006b), and the increased
stability of higher radial order modes is experimentally demonstrated.
Another key aspect of mode stability is also discussed in (Ramachandran et al.,
2006b) – as effective area (Aeff) is increased, the nearest neighbor effective index
splitting for a given LP0,m mode decreases. This behavior is a relevant consideration
for designing high power fiber amplifiers. For fundamental mode operation, increasing
Aeff in order to facilitate higher power operation leads to smaller effective index
splitting, and thus unstable propagation. This issue can be mitigated to a certain
extent by creating mechanisms for HOM loss (Wong et al., 2005; Fini, 2005; Dong
et al., 2007; Ma et al., 2011; Jain et al., 2014), but lack of mode stability is still a
fundamental problem which limits Aeff scaling in the fundamental mode. If instead
an intentionally multi-moded fiber is used, and the signal is guided in a HOM, then
the decrease in effective index splitting with increased Aeff can be offset by simply
increasing the radial mode order. For this reason, HOMs are ideal candidates for
Aeff scaling in fiber lasers (Ramachandran et al., 2008), and amplifiers with stable
propagation in modes with Aeff>6000 µm
2 have been demonstrated (Nicholson et al.,
2012).
2.2 Dispersion and mode order
One early motivation for investigating HOMs in fibers was for dispersion compen-
sation and engineering, particularly for telecommunications. Initial HOM dispersion
compensation modules used modes nearing cutoff to achieve highly normal disper-
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sion (Poole et al., 1994b), thus effectively compensating the anomalous dispersion
of typical transmission single mode fibers (SMFs) near ∼1500 nm. However, these
modules were limited by transmission loss. To circumvent the issue of loss, few-mode
fibers with several guiding regions (i.e. a core and ring separated by a trench) were
developed in order to facilitate mode transitions between the outer guiding region
and the core, allowing for waveguides with both highly normal or anomalous disper-
sion (depending on the direction of transition for the mode), and low transmission
loss (Ramachandran et al., 2001; Ramachandran et al., 2003a; Ramachandran, 2005;
Ramachandran et al., 2006a).
A clear distinction is made between this class of fibers with HOMs that transition
into and out of the core, and the highly confined LP0,m modes of simple step-index
MMFs. Though “transitioning” HOMs can have larger effective areas than photonic
crystal fibers (PCFs) (44 µm2, (Ramachandran et al., 2006a)), and can propagate
km-scale lengths with low loss and negligible mode coupling (Ramachandran et al.,
2003a), the bandwidth for which the dispersion is anomalous is limited, and coupled
to the diameter of the guiding region; thus the waveguide cannot be made arbitrarily
large while still making use of transition effects to achieve the desired dispersion.
In the first part of this section, a simple ray picture of a one-dimensional slab
waveguide is used to provide an intuitive explanation of the relationship between
mode order and dispersion, specifically, that in the highly confining regime, the dis-
persion of a step-index waveguide can be decoupled from the effective area, allowing
for dispersion engineering without the bandwidth restrictions of core-guided HOMs
and without sacrificing power handling. As discussed in the next chapter, near-zero
dispersion is necessary to achieve phase matching for FWM processes in fibers. The
second part of this section will discuss how to engineer step-index fibers to provide
LP0,m modes with the desired dispersion characteristics for FWM. The transmis-
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sion lengths for these step-index, large mode area fiber designs cannot compete with
core-guided approaches in terms of loss and mode purity. However, for high power
frequency conversion experiments, only short transmission lengths (∼10 m) are re-
quired and thus the performance characteristics of step-index MMFs are more than
sufficient.
Note that for the purposes of this thesis, the term dispersion is used interchange-
ably with the more rigorous term, group velocity dispersion (GVD). Dispersion,
unless specifically mentioned otherwise, is used as defined in telecommunications lit-
erature by the variable D, which describes delay per unit length per unit wavelength.
In nonlinear and ultra-fast optics, dispersion is often denoted by the term β(2), which
is the second derivative of the propagation constant β with respect to frequency.
These two dispersion definitions are distinct, but can be related by D = −2π/λ2β(2).
Given that these two quantities have opposite signs, the anomalous dispersion regime
is defined by D > 0, or β(2) < 0, and vice versa for normal dispersion.
2.2.1 Dispersion in the ray picture
Consider a one-dimensional slab waveguide, as illustrated in Fig. 2·4(a). The center
region (core) of the slab has a refractive index n1, which is larger than the refractive
index of the surrounding region (cladding), n2. Rays propagate in the slab with a
given angle θ.
Figure 2·4: Schematic of a one-dimensional slab waveguide with core
diameter d, core refractive index n1, and cladding refractive index n2.
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In one complete round trip (defined by the ray traveling from the bottom interface
to the top, and back to the bottom), a ray must accumulate a transverse phase of an
integer number of wavelengths in order to remain coherent – else it will destructively
interfere with itself and cannot exist as a mode solution in the waveguide. Thus the
coherence condition is given by
2kTd+ 2φGH = 2πm (2.17)
where d is the diameter of the core, m is an integer, kT is the transverse wave vector
given by kT = k0n1 sin(θ), k0 = ω/c, ω is the frequency of the light, and c is the speed
of light in vacuum. The term φGH refers to the Goos-Ha¨nchen phase shift – a small
amount of phase slippage due to the ray’s behavior at the core/cladding interface
(Goos and Hanchen, 1937) given by
φGH = 2 tan
−1
[√
n21 cos
2(θ)− n22
n1 sin(θ)
]
(2.18)
The phase shift is proportional to the angle of propagation in the waveguide, θ. Given
that kT is dependent on both θ and λ, we expect that the angle of propagation will
be coupled to the wavelength of the light, and the integer m which describes discrete
allowed states, or modes within the waveguide. Ultimately, these relations lead to
a transcendental equation which governs the solutions for modes in the waveguide.
As an approximation, we will assume that φGH is relatively constant with change in
wavelength.
The propagation constant for the ray, β, describes the wave vector along the
propagation axis of the fiber and is given by β = k0n1 cos(θ). From the form of β and
kT , it is clear that they are each projections of the total wave vector k0n1 along the
transverse and propagation axes (Fig. 2·4(b)) such that β2+ k2T = k20n21. Rearranging
terms, we can define β =
√
(k0n1)2 − k2T and substitute the definition for kT imposed
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by the coherence condition to obtain
β =
√
(k0n1)2 − (mπ − φGH
d
)2 (2.19)
GVD is defined as the second derivative of β with respect to frequency (where we
assume dn/dω = 0, and dφGH/dω = 0)
∂2β
∂ω2
= −
(
n1(mπ − φGH)
cd
)2 [(n1ω
c
)2
−
(
mπ − φGH
d
)2]− 32
(2.20)
From the solution its clear that the curvature of β with respect to ω, β(2), is negative.
Given the relation between D and β(2), D = −2π/λ2 · β(2), the waveguide dispersion
D is thus
D = 2π
(
n1(mπ − φGH)
λcd
)2 [(
2πn1
λ
)2
−
(
mπ − φGH
d
)2]− 32
(2.21)
The parameter D is positive for the waveguide, which corresponds to anomalous dis-
persion. However, in this derivation we have neglected the frequency dependence
of the refractive index n1, which is referred to as the material dispersion. The to-
tal dispersion for the waveguide can be approximated by Dtotal ≈ Dm + D, where
Dm is material dispersion, and D is waveguide dispersion given by Eq. (2.21) above
(Ghatak and Thyagarajan, 1998). The material dispersion of silica glass (used in the
vast majority of optical fibers) is typically normal for wavelengths below ∼1300 nm,
therefore increasing anomalous waveguide dispersion is needed to counteract the ma-
terial dispersion in order to achieve the near-zero total dispersion necessary for FWM
processes.
Considering the form of Eq. (2.21) above, it is clear that the amount of anomalous
waveguide dispersion increases when the diameter of the waveguide d is decreased.
This is the effect used to obtain anomalous dispersion in a PCF; a large index step
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provides high confinement, and the core diameter is decreased, leading to increased
waveguide dispersion which counteracts the material dispersion of the glass to provide
net anomalous total dispersion (Knight et al., 2000). There is an important caveat
here, however. This derivation is predicated on the assumption that the mode is
very well-guided. For a given core to cladding index step, the diameter can only be
decreased only so much before the mode leaks out of the core, causing increased nor-
mal dispersion. In practice, the effective area of the waveguide necessary to achieve
anomalous dispersion at wavelengths below silica’s material zero dispersion wave-
length is very small, limiting the power handling capability of these waveguides.
We can also consider the dependence of Eq. (2.21) on mode order. The integer m
describes how many wavelengths of propagating phase a ray accumulates in one round
trip, therefore each m is a discrete mode in the waveguide where m corresponds to the
mode order and higher modes correspond to higher bounce angles. D is proportional
to m, hence increasing mode order increases the anomalous waveguide dispersion,
allowing for net-zero total dispersion even at wavelengths below the material zero
dispersion wavelength of silica. It is also clear that the dependence of m and d in
Eq. (2.21) are independent – thus mode order can be used to engineer dispersion in
a waveguide without affecting the waveguide’s diameter. The decoupling of disper-
sion from Aeff for HOMs in step index fibers makes them an attractive platform for
exploring power-scalable nonlinear optics.
2.2.2 Dispersion engineering in step-index fibers
Dispersion engineering is a key aspect of fiber design for nonlinear applications. Typ-
ically, near-zero anomalous, or near-zero normal dispersion is necessary for phase
matching in monomode FWM interactions. The material dispersion of silica is normal
for wavelengths below ∼1300 nm, therefore increased anomalous waveguide dispersion
is needed to achieve zero total dispersion. As discussed above, the one-dimensional
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slab waveguide picture predicts that anomalous waveguide dispersion increases with
mode order (Eq. (2.21)). Here, we discuss the dispersion properties of LP0,m modes
in two-dimensional fibers.
Figure 2·5: Dispersion as a function of wavelength and mode order for
the LP0,1 (purple line) through LP0,10 (black line) modes of a step-index
optical fiber (core diameter = 50 µm, ∆n = 17.5×10−3).
Fig. 2·5 shows dispersion as a function of wavelength for the guided LP0,m modes
of a simple step-index fiber (core diameter = 50 µm, ∆n = 17.5×10−3). As predicted
by the simple slab model, dispersion increases as a function of mode order. For the
highest order modes, LP0,9 and LP0,10, (red and black lines respectively in Fig. 2·5),
the dispersion starts to decrease at wavelengths above 1020 and 1120 nm respectively.
This point corresponds to the wavelengths at which the modes begin to cut off and
transition power out of the core and into the cladding. As a result, the assumption we
made above that the modes are well-guided is violated, and accordingly the behavior
is not described by the simple slab waveguide model.
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Figure 2·6: Zero dispersion wavelength of the LP0,6 mode as a function
of core diameter (∆n = 17.5×10−3).
The different curves in Fig. 2·5 illustrate that control of mode order is a course
means of engineering dispersion in MMFs. For example, at a pump wavelength of
λ = 1064 nm, changing between the LP0,6 and LP0,7 modes results in a change
of the sign of the dispersion, as well as a increase of 9 ps/nm-km in magnitude.
For FWM experiments, however, finer tuning (∼0.1 ps/nm-km) of the dispersion
is often necessary to compensate for offsets between the simulated design and the
manufactured fiber.
Wavelength tuning of the pump can be used to provide high resolution control
of dispersion, given that the dispersion of a mode is a continuous function. We can
use the separation between the zero dispersion wavelengths (ZDWs) of two adjacent
modes as a proxy for the maximum tuning required (if larger dispersion shifts are
required, than changing mode order followed by fine tuning with pump wavelength
should provide the desired dispersion).
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For the fiber considered in Fig. 2·5, the wavelength shift between LP0,6 and LP0,7
is 43 nm, which may be too large of a range to cover with a wavelength-tunable pump
laser. Therefore, the diameter of the fiber can be used as a third means to control
dispersion. Fig. 2·6 shows the ZDW of the LP0,6 mode as a function of fiber diameter
(∆n = 17.5×10−3); a relative change of 10% in diameter is equivalent to a 25 nm
shift in pump wavelength. In practice, a combination of all three of these methods is
ideal for achieving ideal dispersion characteristics.
Figure 2·7: Dispersion as a function of wavelength and mode order
for the LP0,1 (dark blue line) through LP0,20 (dark red line) modes of
a step-index optical fiber (core diameter = 100 µm, ∆n = 17.5×10−3).
The change in diameter considered in Fig. 2·6 is fairly moderate, so we expect that
mode areas do not change appreciably. In some instances, however, larger mode areas
are required in order to scale the input power, and accordingly, the fiber diameter
must increase. Fig. 2·7 shows dispersion for the guided modes of a 100-µm core
diameter fiber (∆n = 17.5×10−3). In this fiber, the near-zero dispersion modes for
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a 1064-nm pump wavelength (LP0,11, LP0,12) are much higher in radial order than
those for the 50-µm case shown in Fig. 2·5 (LP0,6, LP0,7). Thus power-scaling in
these systems can be as easy as increasing the fiber diameter and operating with even
higher order modes.
2.3 Multi-path interference
Multi-path interference (MPI) is a fundamental concept for understanding interac-
tions between coherent modes in fibers. As discussed in the previous section, each
mode is a discrete state with a unique propagation constant β. As such, when multiple
modes with different β values are excited in the fiber, this creates multiple transmis-
sion paths with different relative delays (as shown in Fig. 2·8). Consequently, the
fiber effectively becomes an in-line Mach-Zender interferometer. The electric field at
the end of the fiber is given by
E(r, φ, ω) =
∑
l
∑
m
αl,mψl,m(r, φ)e
i(ωt−βl,mL) (2.22)
where l and m are the azimuthal and radial eigenvalues of some LP mode, αl,m is
the relative amplitude of the mode, ψl,m is the transverse electric field, βl,m is the
propagation constant, ω is frequency, t is time, and L is the length of the fiber.
First, consider the case where only two modes, mode a and mode b, have significant
power within the fiber. The electric field has the form
E(r, φ, ω) =
(
E0ψa(r, φ)e
−iβaL + αE0ψb(r, φ)e
−iβbL) eiωt (2.23)
and the intensity distribution I(r, φ, ω) = |E(r, φ, ω)|2 is given by
I(r, φ, ω) = E20Ψa(r, φ) + α
2E20Ψb(r, φ) + 2αE
2
0
√
Ψa(r, φ)Ψb(r, φ) cos(∆βL) (2.24)
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Figure 2·8: Schematic illustrating MPI in a few-mode fiber. (a) An
arbitrary intensity pattern is incident on the fiber, exciting LP0,1 along
with parasitic LP1,1 and LP0,2 content. Each mode has a different
relative delay in the fiber – thus there is interference at the output
of the fiber. (b) Wavelength-dependent intensity at the output of the
fiber. There are two characteristic frequencies evident from interference
between the dominant LP0,1 mode and each of the parasitic LP1,1 and
LP0,2 modes.
where E0 is the amplitude of mode a, αE0 is the amplitude of mode b, Ψa and Ψb are
the intensities of modes a and b respectively, and ∆β is the difference in propagation
constants βb − βa. The intensity at a point in space (r, φ) will oscillate as a function
of frequency given that β = ω/c · neff (ω), where neff is the effective index of the
mode. The modulation depth of the interference will depend on the amplitudes of
the interfering fields such that equal intensity distribution will lead to the largest
fringes. This interference pattern will be evident depending on the conditions of the
measurement. For example, a camera image of the ensemble will show a coherent
superposition (depending on the coherence length of the source, as discussed below)
of the modes dependent on the relative phase between them, by virtue of the fact that
the device’s pixels ensure spatial resolution is preserved. Alternatively, if the entire
beam is collected in a manner that does not preserve spatial information (i.e. a power
detector or “single pixel” measurement) then the resulting power is equivalent to an
integration of Eq. (2.24) over all space. Given that all of the power is collected for
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this case, frequency-dependent oscillations will not be observed. This is an interesting
caveat in that MPI is not an issue for systems where the entirety of the mode content
can be captured. However, if the detection system is “mode selective” in that not all
of the power from all of the modes is collected, or the measurement preserves spatial
resolution, then interference can be observed. Assuming the coupling system is mode
selective, an optical spectrum analyzer (OSA), for example, will show interference
fringes for broadband spectra. MPI can also manifest as noise when detecting power
at the output of the fiber if one does not take care to collect all of the power exiting
the waveguide.
To determine the explicit wavelength dependence of the interference pattern at
some coordinate (r, φ), we take the derivative of ∆β with respect to wavelength
d∆β
dλ
= − d
dλ
(
2π
λ
∆neff (λ)
)
=
2π
λ2
[
∆neff − λ d
dλ
(∆neff )
]
(2.25)
The quantity ∆neff − λ ddλ∆neff is defined as ∆ng, the group delay difference be-
tween the modes. Group delay is a common physical parameter for determining
the wavelength-dependent delay of modes in optical fibers. From Eq. (2.25), it is
straightforward to show that the resulting fringe spacing of the interference pattern
as a function of wavelength is given by
∆λ =
λ2
∆ng(λ)L
(2.26)
The fringe spacing corresponds to a characteristic wavelength-dependent oscillation
in the intensity of the light leaving the fiber at some point in space, which is di-
rectly proportional to ∆ng between the modes. Resolving these interference fringes
is dependent on both the bandwidth of the source and wavelength-resolution of the
measurement device.
For example, if the interference is being measured on a camera, then the rel-
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evant parameter to consider is the coherence length of the light source given by
Lc ∼ λ20/∆λB, where λ0 is the center wavelength, and ∆λB is the bandwidth. The
coherence length represents the longest path length difference for which the wave-
length components in the source remain coherent with respect to one another. The
path length difference between the modes in a fiber is given by ∆ngL where L is the
length of the fiber. If ∆ngL > Lc, coherence is degraded and interference can not
be observed on the camera. As an example, consider two modes with a group index
difference of 0.5×10−4. If the imaging source is a light emitting diode (LED) (λ0 =
1000 nm, ∆λB = 20 nm), then the modes can propagate through approximately 1 m
in the fiber before interference is no longer observable. If instead, the imaging source
is an external cavity diode laser (ECL) (λ0 = 1000 nm, ∆λB = 0.33 fm), then the
modes can propagate up to ∼3 km and remain coherent.
If interference is measured with wavelength-resolved means, such as an OSA, then
coherence is dictated by the resolution of the instrument. Provided that the resolution
of the instrument is high enough to sample the fringe spacing above the Nyquist limit
(δλ < ∆λ/2, where ∆λ is the fringe spacing given by Eq. (2.26)), then interference
can be resolved (Nyquist, 1924).
It can be shown that, for a given frequency, the peak-to-peak fluctuations of the
intensity on a dB scale (denoted ptp) are related to the relative intensity of the
parasitic mode, α2, by (Ramachandran et al., 2003b)
α2 =
(
10
ptp
20 − 1
10
ptp
20 + 1
)2
(2.27)
The interference between two modes leads to a characteristic frequency with a given
depth of fluctuation dependent on the relative powers between the modes. It follows
that if more modes are excited in the fiber, more frequencies will be apparent in the
intensity pattern. For example, Fig. 2·8(b) shows the interference between a dominant
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LP0,1 mode and the LP1,1 and LP0,2 modes, which are assumed to have significantly
less power. There are two characteristic frequencies resulting from each low-power,
parasitic mode interfering with the fundamental mode.2
On one hand, MPI can be useful for measuring the mode content in a fiber.
In Chap. 4, an experimental technique is demonstrated for measuring wavelength-
dependent interference in order to calculate the modal power distribution in a given
fiber. Purity analysis techniques like these are indispensable for operating in the
highly multi-mode regime. On the other hand, MPI can have serious drawbacks,
particularly for fiber lasers (Wielandy, 2007). The output electric field of a multi-mode
fiber is a coherent superposition, dependent on the phase between the constituent
modes which can fluctuate due to changes in ambient temperature, fiber layout, or
vibration, etc. Thus the pointing stability, peak intensity, and beam profile of the
laser are subject to random variations and degradation.
2.4 Summary
This section has provided a theoretical treatment for the properties of HOMs in step-
index waveguides with regards to the linearly-polarized (LP) field solutions in the
weakly-guiding regime, criteria for stable guidance, dispersion properties, and coher-
ent interactions between fiber modes (MPI). The relationship between dispersion
and mode order, described in the first section, is a key concept motivating nonlinear
optics in HOMs, and as such will be referenced in the following chapter, as well as in
the discussion of the fibers used for experiments described in this thesis (Chap. 6).
An understanding of the characteristic profiles for LP modes in multi-mode fibers is
necessary for basic characterization of mode purity (Chap. 4) and mode excitation
2There is also a frequency due to the interference between the parasitic modes LP1,1 and LP0,2;
however, if each mode has only a small amount of power, then the amplitude of the interference
between them will be negligible.
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(Chap. 5), as well as identifying the modes involved in intermodal FWM processes
(Chap. 8 and Chap. 9). Finally, MPI is useful for determining the relative weights
of modes in a given fiber (Chap. 4), but can also corrupt long period grating (LPG)
spectra (Sec. 5.1), and hamper the performance of lasers based on multi-mode fibers.
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Chapter 3
Four-Wave Mixing Theory
The parametric process of four-wave mixing (FWM) describes the transfer of energy
between two pump waves, a lower frequency Stokes wave, and a higher frequency
anti-Stokes wave (shown schematically in Fig. 1·1(c)). The following chapter in-
cludes a derivation of the governing equations describing FWM interactions in fibers
(Sec. 3.1), where the resulting coupled-amplitude equations predict appreciable trans-
fer of energy only for the case where the phase mismatch between all four waves is
approximately zero. This phase matching condition is discussed in Sec. 3.2 for the
case where all waves (pumps, Stokes, anti-Stokes) belong to the same transverse
mode (monomode), and the more general case where the waves are in different modes
(intermodal). Finally, Sec. 3.3 provides the coupled-amplitude equations describing
stimulated Raman scattering, a nonlinear process that may potentially compete with
FWM and degrade its efficiency. The strength of the Raman effect relative to FWM
is discussed for the monomode and intermodal case.
3.1 Derivation of the coupled-amplitude equations
The following derivation for the coupled amplitude equations uses the notation of G.
Agrawal in Ref. (Agrawal, 2001). We begin with the wave equation, describing the
behavior of electromagnetic waves in a dielectric medium
∇2E− 1
c2
∂2E
∂t2
= µ0
∂2P
∂t2
(3.1)
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where E is the electric field, c is the speed of light in vacuum, t is time, and µ0 is
magnetic permeability. P denotes the polarization of the dielectric medium induced
by the electric field. For the case where the incident electric field amplitude is small,
P is directly proportional to the field, resulting in a linear optical response. The linear
wave equation describing light propagation in an optical fiber is given by Eq. (2.2).
However, for high intensity, P is more accurately represented by a power series:
P = ǫ0
(
χ(1) ·E+ χ(2) :EE+ χ(3)...EEE+ · · ·
)
(3.2)
where ǫ0 is the vacuum permittivity, χ
(1) is the linear susceptibility of the medium
(which determines the linear refractive index, n), and χ(2) and χ(3) are the second and
third order nonlinear susceptibilities of the medium, respectively. Note that higher
order susceptibilities exist, but can generally be ignored as their contribution is very
small. We can separate the polarization P into its linear and nonlinear constituents
such that P = PL +PNL, where the different polarizations are given by
PL = ǫ0χ
(1) ·E (3.3a)
PNL = ǫ0χ
(2) :EE+ ǫ0χ
(3)...EEE (3.3b)
Silica glass is an isotropic material, meaning that the χ(2) nonlinear susceptibility
(which is responsible for sum and difference frequency generation, Fig. 1·1(a) and
(b)) is generally not appreciable in the medium.1 Thus the relevant component of the
nonlinear polarization is the third order term, PNL(3) , given by
PNL(3) = ǫ0χ
(3)...E(r, t)E(r, t)E(r, t) (3.4)
1Note that χ(2) effects can be observed in fibers (Fujii et al., 1980; Osterberg and Margulis, 1986),
possibly due to defects in the glass causing local anisotropy (Stolen and Tom, 1987). Additionally,
there have been significant efforts to induce second-order nonlinearity in fibers through periodic
poling (Myers et al., 1991).
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The third order susceptibility is a rank four tensor, therefore we expect four waves to
interact in a χ(3) nonlinear process (Boyd, 2008). We can describe the total electric
field in the medium as a sum of these four waves:
E =
1
2
xˆ
∑
j=p,q,s,i
Eje
i(βjz−ωjt) + c.c. (3.5)
where ωj and βj correspond to the frequency and propagation constant of the j
th
wave, and “c.c.” denotes the complex conjugate. In the convention used here, p and
q represent the pump waves; s corresponds to the Stokes wave, which is traditionally
at a lower frequency than those of the pumps; and i corresponds to the anti-Stokes
wave, which is at a higher frequency than the pumps.
As a further simplification, we assume all components of the field E are linearly
polarized in the xˆ direction. FWM can still occur when the waves are not co-polarized
as χ(3) has non-zero, albeit weaker, off-diagonal elements. For our purposes, however,
the scalar description is sufficient, with the understanding that deviation from the
co-polarized condition in experiments will lead to a reduction in the FWM efficiency
predicted by this model. The definition for the electric field in Eq. (3.5) can be used
to determine the nonlinear polarization PNL(3) :
PNL(3) =
1
2
xˆ
∑
j=p,q,s,i
Pje
i(βjz−ωjt) + c.c. (3.6)
PNL(3) is proportional to the cube of E such that Pj encompasses all the possible
combinations of the components of E in groups of three. In total, χ(3) predicts a total
of 44 different possible nonlinear processes from combinations of interacting waves,
many of which are frequency-degenerate versions of the same processes (Boyd, 2008).
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As an example, Ps is given by
Ps =
3ǫ0
4
χ(3)xxxx[|Es|2Es + 2(|Ep|2+|Eq|2 + |Ei|2)Es+
2EpEqEie
iθ+ + 2EpEqE
∗
i e
iθ− + ...] (3.7)
where
θ+ = (βp + βq + βs − βi)z + (ωp + ωq + ωs − ωi)t (3.8)
θ− = (βp + βq − βs − βi)z + (ωp + ωq − ωs − ωi)t (3.9)
Each term in Eq. (3.7) corresponds to a different nonlinear effect owing to the third
order nonlinear susceptibility. For example, the first term |Es|2|Es| corresponds to self
phase modulation (SPM), where the intensity of a wave modulates its own phase. The
next set of terms (|Ep|2Es, |Eq|2Es, |Ei|2Es) correspond to cross phase modulation
(XPM) where the intensity of a given wave modulates the phase of another wave.
The last two terms each describe interactions between four different waves. The
third term, where the exponential dependence is given by θ+, corresponds to a χ
(3)
equivalent of sum frequency generation (Fig. 1·1(d)). A special case for this process
occurs when ωp = ωq = ωi which results in third harmonic generation. The last term
corresponds to FWM.
In order for significant transfer of energy to occur, the exponential phase given
by Eq. (3.8) or Eq. (3.9) must be approximately zero. In the FWM case, the time-
dependent portion of the phase vanishes for the condition
ωp + ωq = ωs + ωi (3.10)
Given that the energy of a photon is proportional to its frequency, the above relation
ensures that energy is conserved in the FWM process. The z-dependent portion of
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the phase must also be near zero. The momentum of a photon is proportional to its
phase, given by the propagation constant β in an optical fiber, enforcing this condition
is equivalent to ensuring conservation of momentum and is also referred to as “phase
matching” (see Sec. 3.2).
The definitions for the electric field Eq. (3.5) and nonlinear polarization Eq. (3.6)
are inserted into the wave equation Eq. (3.1). For each component of the electric field
E, we can separate the spatial dependence from the longitudinally varying envelope
such that Ej(r, φ, z, t) = Fj(r, φ)Aj(z), where Fj(r, φ) is the transverse electric field
of the fiber mode corresponding to the jth wave (given by Eq. (2.5) in the previous
chapter), the time dependence of each wave has been neglected, and Aj(z) describes
the change in the wave’s envelope due to nonlinear interactions along the length of the
fiber. Here, we assume that the envelopes of each wave vary slowly as they propagate,
thus all second-order derivatives with respect to z are negligible. Integration across
all space results in a series of four coupled-amplitude equations which describe the
evolution of the envelope Aj(z) for each component wave in the nonlinear medium:
dAp
dz
=
in2wp
c
[(
fpp|Ap|2 + 2
∑
n 6=p
fpn|An|2
)
Ap + 2fpqisA
∗
qAiAse
i∆βz
]
(3.11a)
dAq
dz
=
in2wq
c
[(
fqq|Aq|2 + 2
∑
n 6=q
fqn|An|2
)
Aq + 2fqpisA
∗
pAiAse
i∆βz
]
(3.11b)
dAi
dz
=
in2wi
c
[(
fii|Ai|2 + 2
∑
n 6=i
fin|An|2
)
Ai + 2fispqApAqA
∗
se
−i∆βz
]
(3.11c)
dAs
dz
=
in2ws
c
[(
fss|As|2 + 2
∑
n 6=s
fsn|An|2
)
As + 2fsipqApAqA
∗
i e
−i∆βz
]
(3.11d)
where the nonlinear refractive index is given by n2 = 3/8nℜ(χ(3)xxxx), and n is the
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linear refractive index of the medium. The terms fijkl are given by
fijkl =
〈
F ∗i F
∗
j FkFl
〉
[〈|Fi|2〉 〈|Fj|2〉 〈|Fk|2〉 〈|Fl|2〉]
1
2
(3.12)
where the bracket notation is shorthand for integration over the transverse coordinate
plane. The form of Eq. (3.12) describes the overlap between the four interacting fields.
Given that FWM requires four photons to be coincident both in time and space in
order to interact, we can surmise that the efficiency of the process is related to the
statistical likelihood of the photons overlapping, given by the integral fijkl (where we
also make the definition fab ≡ faabb). The effective area for four wave mixing (AFWM)
is defined as the reciprocal of fijkl, and effective area (Aeff) is defined as the reciprocal
of fii. In the case where the waves p, q, i, and s are all well-guided and belonging
to the same transverse fiber mode, we can neglect the wavelength-dependence of the
field profiles, and assume AFWM≈Aeff . FWM efficiency is often discussed in terms
of AFWM and Aeff rather than fijkl directly. The term ∆β, which represents phase
matching in the medium, is given by ∆β = βs + βi - βp - βq. Phase matching is
discussed further in Sec. 3.2.
The form of the coupled-amplitude equations mirrors the terms in the nonlinear
polarization (for example Ps given by Eq. (3.7)); the first term corresponds to self-
phase modulation, the second term corresponds to cross-phase modulation, and the
third term corresponds to FWM. Sum frequency generation is neglected because this
effect is generally not phase-matched in optical fibers.
Energy exchange in FWM must conserve photon number, such that each photon
created in the anti-Stokes and Stokes waves must correspond to the annihilation of
two photons, one from each pump wave. This has two key consequences. First, the
growth of the anti-Stokes and Stokes waves must correspond to the depletion of the
pump waves. Second, the number of anti-Stokes photons and Stokes photons created
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from the process must be equal. As a result, using FWM to create a laser at a new
wavelength can only occur with a photon-to-photon efficiency of 50% at maximum.
Note that the requirement that the Stokes and anti-Stokes waves have equal photon
number does not result in equal power in each wave. Given that power is proportional
to both photon number and frequency, we expect more power in the higher frequency
anti-Stokes wave relative to the Stokes wave.
Analytical solutions to the coupled-amplitude equations that account for pump
depletion can be found in terms of Jacobi elliptic functions (Cappellini and Trillo,
1991). Alternatively, numerical methods can also be used (such as a split-step Fourier
method, (Agrawal, 2001)) to simulate energy exchange in the fiber. Interestingly, in
both of these cases, the solutions predict that for sufficient power and fiber length, the
pump waves can be fully depleted and coupled to the Stokes and anti-Stokes waves,
at which point, the energy will begin to couple out of the Stokes and anti-Stokes
waves and back to the pumps. This oscillatory behavior has been experimentally
demonstrated in fiber optical parametric amplifiers (FOPAs) (Marhic et al., 2001;
Oda et al., 2007) and has consequences for maximizing pump depletion in pulsed
systems, as described in Sec. 8.3.
To gain intuition about the small signal gain for FWM, we can make the approx-
imation that the pump waves are not depleted by the FWM interaction, allowing for
a simple analytical solution to the coupled-amplitude equations, which is discussed
in the following section.
3.1.1 The undepleted pump regime
In the undepleted pump regime, we assume that aside from phase evolution due to
SPM, XPM and linear propagation, the pump waves p and q are invariant along the
length of the fiber and FWM terms for each pump can be neglected. Furthermore,
we assume that the amplitude of the Stokes and anti-Stokes waves are much weaker
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than the pumps. As a result, we can neglect XPM terms owing to these waves,
and self-phase modulation for each of these waves. Finally, we will assume that the
phase matching (∆β) is constant over the length of the fiber. Strictly speaking, this
assumption is invalid given that the fiber manufacturing process will result in some
inhomogeneity along the length of the fiber. Therefore this derivation corresponds
to the upper-limit for FWM gain. With these simplifications, the coupled-amplitude
equations reduce to
dAp
dz
=
in2wp
c
(
fpp|Ap|2 + 2fpq|Aq|2
)
Ap (3.13a)
dAq
dz
=
in2wq
c
(
fqq|Aq|2 + 2fqp|Ap|2
)
Aq (3.13b)
dAi
dz
=
in2wi
c
[(
2fip|Ap|2 + 2fiq|Aq|2
)
Ai + 2fispqApAqA
∗
se
−i∆βz] (3.13c)
dAs
dz
=
in2ws
c
[(
2fsp|Ap|2 + 2fsq|Aq|2
)
As + 2fsipqApAqA
∗
i e
−i∆βz] (3.13d)
The equations for the pump waves Ap and Aq have simple exponential solutions
describing phase evolution as a function of z. Inserting these solutions into the equa-
tions for the anti-Stokes and Stokes waves, we can use a transformation of variables
to obtain (Rishøj, 2012) the following solutions for the Stokes and anti-Stokes waves:
Ps(z) = Ps(0)
[
1 +
4δsδif
2
pqsiPpPq
g2
sinh2(gz)
]
(3.14)
Pi(z) = Ps(0)
4δ2i f
2
pqsiPpPq
g2
sinh2(gz) (3.15)
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where Pj represents the power for the j
th wave given by Pj = |Aj|2, and
δj =
n2ωj
c
(3.16)
g2 = Q−
(κ
2
)2
(3.17)
κ = ∆β +M (3.18)
Q = 4δsδif
2
pqsiPpPq (3.19)
M = Pp(2δsfsp + 2δifip − 2δqfqp − δpfpp)+
Pq(2δsfsq + 2δifiq − 2δpfpq − δqfqq) (3.20)
The solutions for the power of the Stokes and anti-Stokes waves have sinh2 depen-
dence, which corresponds to exponential growth for the case where the FWM gain,
g, is positive. The extra term in the Stokes case results from the assumption that
the Stokes is seeded by a small amount of power Ps(0), and the anti-Stokes is not.
We could equivalently seed the anti-Stokes rather than the Stokes. Seeding both
waves will cause amplification only for certain phase relationships between the pumps,
Stokes and anti-Stokes waves; a process known as phase-sensitive amplification (Han-
sryd et al., 2002). In the unseeded case, the initial power corresponds to vacuum
fluctuations at the single photon level.
The small-signal gain is maximized for the case where κ = 0, or ∆β = −M ,
meaning that maximum gain does not correspond to the condition where the phase
of each wave is perfectly matched as one might expect. Instead, the phase matching
is altered by SPM and XPM in the term M , which is sometimes referred to as the
nonlinear phase mismatch. Gain will occur for any case where g2 > 0, allowing us
to define the gain bandwidth as the range where Q > (κ/2)2. The necessary phase
matching condition, ∆β, is thus given by
∆β = ±2
√
Q−M (3.21)
48
The phase matching condition for both mono-mode and intermodal FWM is discussed
in the next section.
Note that maximum FWM gain is given by gmax =
√
Q, and is thus directly
proportional to the quantity fijkl. As discussed above, it follows that the gain, and
thus efficiency, of the process should be dependent on the overlap between the photons
given that FWM can only occur when all four photons are coincident in space. The
reciprocal of fijkl is notated as AFWM which is also commonly used to describe FWM
efficiency. Smaller AFWM leads to faster coupling of the pump to the Stokes and
anti-Stokes waves, and thus higher FWM efficiency for given pump powers and fiber
length.
3.1.2 Degenerately-pumped four wave mixing
FWM gain is dependent on the parameters M and Q, defined by Eq. (3.20) and
Eq. (3.19) above. These definitions are for the general case where there are four
distinct waves interacting. Often, it is more convenient to use a single laser as the
pump for the process, rather than two distinct sources. In this case the pump is
frequency-degenerate, however, if it is split between two different spatial modes in
the fiber, then it must be treated as two distinct waves and the above equations still
apply. If instead a single laser is coupled to a single mode, then the waves q and p
are no longer distinct and the pump is degenerate in both frequency and mode. For
this case, the coupled-amplitude equations must be altered to describe the interaction
of three waves, p, s, and i, rather than four. Specifically, this requires eliminating
Eq. (3.11b), and removing the q-dependent XPM term from Eq. (3.11a), Eq. (3.11c)
and Eq. (3.11d).
With these definitions in place, the longitudinally-varying powers of the Stokes
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and anti-Stokes waves in the undepleted pump regime are given by
Ps(z) = Ps(0)
[
1 +
δsδif
2
ppsiPp
g2
sinh2(gz)
]
(3.22)
Pi(z) = Ps(0)
δ2i f
2
ppsiPp
g2
sinh2(gz) (3.23)
where g, κ and δj have the same definitions given in the previous section, but ∆β,
M , and Q, have been modified:
∆β = βs + βi − 2βp (3.24)
Q = δsδif
2
ppsiP
2
p (3.25)
M = 2Pp(δsfps + δifpi − δpfpp) (3.26)
Q has a fairly similar form to the previous definition, however, M has been greatly
simplified. Because there are only three interacting waves, M is only dependent on
XPM from two waves, and SPM from the pump. The maximum gain in this case is
given by
√
Q and occurs for ∆β = −M , as before.
If we consider a special case where the pump is wavelength-degenerate, and all
the interacting fields are within the same mode, these equations can be simplified
further. We approximate that the wavelength-dependence of the single transverse
mode is negligible, and accordingly fijkl ≈ fii ≈ 1/Aeff . In this case Q = (γPp)2,
and M = 2γP , where γ is the nonlinear parameter, given by γ = n2ωp/(cAeff ). This
case applies to FWM in single-mode fibers, or in multi-mode fibers where all photons
interacting belong to the same mode. Therefore, maximum FWM gain is given by
γPp and occurs for ∆β = −2γPp.
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3.2 Phase-matching
3.2.1 Monomode phase matching
The phase matching condition for FWM is given by
∆β = βs + βi − βp − βq (3.27)
where βp and βq represent the propagation constants of the pump modes at their
respective wavelengths, βs is the propagation constant of the Stokes mode, and βi
corresponds to the anti-Stokes mode.
We refer to the case where each wave travels in the same transverse fiber mode
as a “monomode” process, distinct from “intermodal” processes where the waves
correspond to different fiber modes. It is important to make the distinction between
single-mode and monomode as well; single-mode corresponds to the case where the
fiber only guides the fundamental mode, thus all FWM processes are necessarily
monomode. In a multi-mode fiber (MMF), monomode processes can occur for photons
in an arbitrary mode, provided that all interacting photons are within that same
mode. In this section, we will consider phase matching for monomode processes.
For all of the experiments considered in this thesis, a single laser is used to create
the pump waves p and q, so the pumps are necessarily frequency degenerate. In the
monomode case they are also mode-degenerate, and can be treated as a single wave
(as discussed in Sec. 3.1.2). In this limit, the phase mismatch is given by ∆β =
βs + βi − 2βp. The propagation constant β for the given mode can be approximated
by a Taylor expansion in frequency such that
β(ω) ≈ β
∣∣∣
w=w0
+
∑
k≥1
1
k!
∆ωk
dkβ
dωk
∣∣∣
w=w0
(3.28)
where ω0 is the center frequency of the expansion, β
(k) is the kth derivative of β with
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respect to frequency, and ∆ω = ω−ω0. Here we will define the center frequency such
that ω0 = ωp.
This Taylor expansion is valid for all the waves in the monomode FWM process,
so we can substitute Eq. (3.28) into Eq. (3.27). The first term in the expansion is the
same for each wave, and is not dependent on frequency, so it vanishes. ∆ω = 0 for
the pump waves, so all pump-related terms also vanish. This leaves only the higher
order terms for the Stokes and anti-Stokes waves. In order for energy conservation to
be upheld (Eq. (3.10)), the frequency shift ∆ω for the anti-Stokes and Stokes waves
must be equal in absolute value and opposite in sign. Thus all the odd terms will
vanish leaving the following expression for the phase matching condition
∆β =
1
2
β(2)∆ω2 +
1
4!
β(4)∆ω4 +
1
6!
β(6)∆ω6 + ... (3.29)
Near the pump frequency where ∆ω is small, only the first term will have considerable
effect, given that higher order terms are proportional to 1/k!. As discussed in the
previous section, maximum gain occurs for ∆β = −M , which for the monomode case
is given by M = 2γPp, where γ = n2ωp/(cAeff ). Therefore β
(2) must be negative in
order to achieve maximum gain. As discussed in Sec. 2.2, negative β(2) corresponds
to anomalous dispersion. In practice, 2γPp is generally a small offset to the phase
matching condition, so near-zero anomalous dispersion will lead to FWM gain.
The β(4)-dependent term in Eq. (3.29) can also facilitate phase matching under
some circumstances. If β(2) is approximately zero, then the second term has an effect
for for large ∆ω. β(2) and β(4) typically have opposite signs for a given mode, therefore
at sufficient frequency detuning from the pump, the magnitude of the β(4)-dependent
term can surpass that of the β(2)-dependent term, leading to phase matching far from
the pump.
Fig. 3·1 shows typical (a) phase matching and (b) gain curves for monomode
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Figure 3·1: (a) Monomode phase matching for the LP0,6 mode in
a step-index fiber, pumped in the anomalous regime (red line, D =
1.8 ps/nm-km, λp = 1080 nm) and phase matching for the same mode
pumped in the normal dispersion (blue line, D = −1.9, λp = 1060 nm).
(b) Small-signal gain for each process.
FWM. The solid black lines on the phase matching plot (Fig. 3·1(a)), denote the
boundaries of the gain bandwidth; ∆β = 0, and ∆β = −4γPp. The dashed black
like corresponds to the condition for which FWM gain is maximized (∆β = −2γPp).
The red lines for (a) and (b) correspond to a pump which has near-zero anomalous
dispersion (D = 1.8 ps/nm-km, λp = 1080 nm). The gradient of the phase matching
curve within the gain bandwidth is fairly low, leading to broadband gain near the
pump wavelength. This characteristic gain spectrum is also referred to as modulation
instability (MI), a term which originates from the initial observation of temporal
ripple in waves due to sidebands created as a result of anomalous dispersion in the
medium (Benjamin and Feir, 1967). The blue lines correspond to a pump with near-
zero normal dispersion (D = -1.9 ps/nm-km, λp = 1060 nm) which leads to steep
phase matching gradients within the gain bandwidth. The resulting FWM gain is
narrowband, however, the gain bands are centered at wavelengths much farther from
the pump than those for the anomalous dispersion case.
The two different solutions in Fig. 3·1 for the anomalous and normal dispersion
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regimes highlight the inherent tradeoff for phase matching in the monomode regime:
FWM gain can either be broadband but close to the pump, or far from the pump and
narrowband. As discussed in the previous chapter, controlling the dispersion of higher
order modes (HOMs) is possible for wavelengths below the zero-dispersion wavelength
of silica, even using large Aeff modes. Hence designing systems for fixed-wavelength
conversion to novel near-infrared wavelengths is relatively simple (see Chap. 8). Com-
plications arise, however, when the application demands both simultaneously broad
gain bandwidth (useful for cases where wavelength-tunable output is required, for
example), and a large frequency separation from the pump. Additionally, dispersion
engineering becomes increasingly difficult in the visible portion of the spectrum where
the material dispersion of glass becomes highly normal. In these cases, the intermodal
regime can provide unique solutions (see Sec. 9.2).
3.2.2 Intermodal phase matching
In the intermodal case, one or more of the interacting waves travels in a different mode
than the others. As a result, the simplifications made for Q and M in the monomode
case in Sec. 3.1.2 do not apply, and neither does the Taylor expansion discussed in
the previous section. Each mode can be expanded around the pump frequency in the
same fashion, however, the expansion terms are dependent on the mode order, and
thus will not cancel. Therefore, intermodal FWM does not have simple dependence
on the dispersion of the waveguide at the pump wavelength.
Dispersion describes the curvature of the propagation constant of a given mode
with respect to frequency; thus in the monomode case, one achieves phase matching
by tailoring the frequency-dependence of a given mode to compensate the phase
mismatch at some wavelength separation. In the intermodal case, we can use the
fact that the modes of the fiber have separate β curves which are offset from one
another in order to compensate the mismatch. Thus phase matching can be achieved
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independent of the dispersion of the pump, allowing for FWM even in cases where
dispersion engineering is not possible. For example, the first demonstrations of FWM
made use of intermodal processes in multi-mode fibers pumped at visible wavelengths
where dispersion is typically highly normal (Stolen et al., 1974).
Figure 3·2: (a) Intermodal phase matching for a process where two
pump waves in the LP0,5 mode couple to an anti-Stokes wave in LP0,6
and a Stokes wave in LP0,4 (red line), and a process where pump waves
are in the LP0,4 and LP0,5 modes, and couple to an anti-Stokes wave
in LP0,4 and a Stokes wave in LP0,5 (blue line). In both cases λp =
1043.1 nm. (b) Small-signal gain for each process.
The red lines in Fig. 3·2 show an example of a typical intermodal process degenerately
pumped in the LP0,5 mode. The Stokes wave is in the LP0,4 mode and the anti-Stokes
wave is in the LP0,6 mode, providing phase matching (red line in Fig. 3·2(a)) relatively
close to the pump wavelength despite the fact that the pump has large, normal
dispersion (−13.2 ps/nm-km). The gradient of the phase matching curve within
the gain bandwidth is very steep, thus the bandwidth of the FWM gain (red line in
Fig. 3·2(b)) is quite narrow. Narrow gain bandwidths are often the case for intermodal
FWM processes, the reason being that while the mismatch is compensated for some
particular wavelength separation, the higher-order terms of the propagation constants
for the constituent modes (i.e. group velocity and dispersion) do not necessarily
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balance one another, and thus ∆β quickly diverges on either side of the nominal
phase-matched point.
While narrowband processes are common in the intermodal case, they are not
the only solutions. By allowing interactions between modes of different orders, the
number of potential processes one must consider in the fiber scales as ∼ N4, where
N is the number of guided modes in the fiber. Even if we truncate this basis to only
the LP0,m modes of the fiber, the class of MMFs considered in this thesis typically
guide 10 LP0,m modes at the pump wavelength, and thus there are approximately
one hundred thousand potential FWM processes in the fiber. We must also consider
pump wavelength as another dimension of this problem. While the monomode case
is somewhat constrained in bandwidth by the relationship between dispersion and
phase matching, dispersion nonetheless serves as able means to predict whether or
not phase matching can be achieved for a given pump wavelength and mode order.
In the intermodal case, no such intuition is readily available, so all modes and pump
wavelengths must be considered, creating a very large space where some unique so-
lutions can be found. Mapping this space requires highly multi-mode fibers, as well
as systems that allow for deterministic excitation of select target modes in the fiber
(such systems are discussed at length in Chap. 5).
One such unique process is illustrated by the blue lines in Fig. 3·2. For this
process, the pump wavelength is degenerate (λp = 1043.1 nm), but is split equally
between the LP0,4 and LP0,5 modes. This results in an intermodal FWM process
which couples light to the LP0,4 mode at the anti-Stokes wavelength, and LP0,5 at
the Stokes wavelength. In this case, the phase matching gradient goes to zero within
the gain bandwidth (solid black lines, Fig. 3·2(a)), leading to broadband FWM gain
(Fig. 3·2(b)) similar to monomode FWM in the anomalous dispersion regime; how-
ever, the center wavelength of the gain bandwidth is far from the pump, similar to the
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monomode β(4)-mediated regime – thus this particular intermodal process represents
a unique solution with properties that cannot be replicated in either the monomode
or single-mode domain. Further discussion of this particular class of intermodal in-
teractions is provided in Sec. 9.2.
3.3 Stimulated Raman scattering
Raman scattering is a process in which a pump wave can couple energy to a vibra-
tional phonon in a medium, leading to gain at a frequency downshifted from the
pump (Raman, 1928). The effect was first demonstrated in optical fibers in 1972
(Stolen et al., 1972). Raman scattering, like FWM, or amplified spontaneous emis-
sion (ASE) can occur at the spontaneous level resulting in a broadband, characteristic
gain spectrum. If the power at the downshifted Stokes frequency becomes significant,
the process can become stimulated (stimulated Raman scattering, or SRS), leading to
high gain and even pump depletion. Unlike FWM, Raman scattering is considered to
be “self-phase-matched” in that the multitude of k-vectors provided by the phonon in
the medium ensures phase matching can be achieved; accordingly, the Raman effect
is agnostic to the dispersion or propagation constant of the pump mode(s) and can
occur with high efficiency even in the presence of significant longitudinal variations
in the fiber. The SRS effect has been exploited to develop both lasers and amplifiers
(Hill et al., 1976; Bromage, 2004).
SRS may pose a problem for efficient FWM given that it can leach power from the
pump and thus limit the energy available for the desired FWM process. Therefore,
it is important to understand the properties of Raman gain. The coupled amplitude
equations for the Raman interaction between a pump wave, p, and a Stokes wave, s,
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in the quasi-continuous regime (τ ≫ ps) are given by (Agrawal, 2001)
dAp
dz
= iγp
(
fpp|Ap|2 + (2 + δR − fR)fsp|As|2
)
Ap − gp
2
|As|2Ap (3.30)
dAs
dz
= iγs
(
fpp|Ap|2 + (2 + δR − fR)fps|Ap|2
)
As +
gs
2
|Ap|2As (3.31)
where γj = n2ωj/c, δR is the Raman index coefficient given by δR = fRℜ[h˜R(Ω)]. The
Raman gain terms are given by
gp = 2
ωpn2
c
fpsfRℑ[h˜R(−Ω)] (3.32)
gs = 2
ωsn2
c
fspfRℑ[h˜R(Ω)] (3.33)
where fR is a material constant called the fractional Raman response, and h˜R(Ωab) is
the Raman response function for some frequency detuning Ω between the interacting
waves (Ω = ωp − ωs).
The first term in the coupled-amplitude equations is due to SPM, as in the coupled-
amplitude equations for FWM. The real part of the Raman response function, h˜R,
leads to a XPM term between the Stokes and pump waves. Raman scattering is a
self-phase-matched process, so the SPM and XPM terms do not effect the transfer of
energy between the pump and Stokes waves. The imaginary portion of the response
function leads to gain at the Stokes wavelength, and depletion of the pump.
In the un-depleted pump approximation, the growth of the Stokes wave has the
following form
Ps(z) = Ps(0)e
gsfpsPpz (3.34)
where Ps(0) is the initial power in the Stokes wave, Pp is the length-invariant power
of the pump wave. The Raman gain for some length of fiber L (assuming as we did
in FWM derivation that the pump and Stokes waves remain co-polarized throughout
propagation) is given by 10 log10(Ps(L)/Ps(0)) = PLSR, where the SRS gain slope SR
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is given by SR = 10 log10(e
2)gsfp,s = 8.7gsfp,s. If the FWM gain in the un-depleted
pump regime (Eq. (3.14)) is approximated as having a simple exponential rather than
sinh dependence (following the derivation in (Hansryd et al., 2002)), the gain slope for
the Stokes wave in FWM can be approximated by SP ∼ 8.7γ, where γ = ωsn2fpqsi/c.
The ratio of the gain slopes for SRS and FWM can be calculated for the case where
the Stokes waves in each process are wavelength degenerate
SR
SP
= 2fRℑ[h˜R(Ω)] (3.35)
This ratio informs the relative strengths of each of these processes in a given fiber,
and is dependent on the material constants fR and h˜R. Ref. (Hansryd et al., 2002)
gives examples of the gain slope ratio for different fiber parameters, noting that the
ratio is never greater than ∼0.5. This suggests that phase-matched FWM is more
efficient and will dominate the competition between the processes.
Note that the gain slope ratio as defined above assumes that the overlap integral
for the FWM process is equivalent to that for the Raman process (fpqsi ≈ fsp). This
is a good assumption in the case where both processes involve a single mode, in
which case fpqsi ≈ fps ≈ Aeff−1. If instead, the FWM process is intermodal, and the
SRS process is monomode,2 then the ratio must be modified by the term Aeff/AFWM.
Therefore, high efficiency intermodal FWM requires processes for which AFWM ∼ Aeff
in order to limit Raman competition.
3.4 Summary
This chapter has presents a theoretical treatment of scalar FWM in optical fibers.
The coupled-amplitude equations, describing the exchange of energy between co-
2SRS typically results in a Stokes wave in the same mode as the pump because the overlap
integral, which dictates the efficiency of the process, is generally larger for the monomode case than
the intermodal case. SRS can occur between modes, however, as shown in (Pourbeyram et al., 2013;
Rishøj et al., 2017).
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propagating waves in a χ(3) medium, were derived and solved for the assumption
that the pump is undepleted, leading to solutions that yield FWM gain for the case
where the process is properly phase-matched. For FWM interactions confined to
a single mode, phase matching hinges upon the ability to engineer dispersion at the
pump wavelength. Furthermore, the center wavelength and bandwidth for monomode
FWM processes is tied to the dispersion such that near-zero anomalous dispersion
leads to broadband gain near the pump and near-zero normal dispersion leads to
narrowband gain at wavelengths farther from the pump. It is also possible to achieve
phase matching by considering processes between modes of different spatial orders,
thus eliminating the relationship between bandwidth and dispersion. While many of
these processes result in narrowband FWM products, unique solutions can be found
(see Sec. 9.2), that provide broadband gain at wavelengths far from the pump.
Finally, the formalism for stimulated Raman scattering in the undepleted pump
regime was presented, with the key result being that FWM has roughly double the
efficiency of the Raman process for the case where perfect phase matching is achieved,
both processes are monomoded, and the wavelengths of the pump and Stokes are the
same for each process. For the more general case of intermodal FWM, the ratio of the
Raman efficiency to FWM efficiency can be approximated by AFWM/2Aeff . For the
intermodal LP0,4 + LP0,5 → LP0,4 + LP0,5 process shown by the blue lines in Fig. 3·2,
AFWM = 753 µm
2 and Aeff = 598 µm
2 yielding a Raman to FWM gain slope ratio
of ∼0.63.3 The ratio still favors FWM gain over Raman, therefore we expect FWM
will dominate in this case. For the degenerately pumped LP0,5 + LP0,5 → LP0,4 +
LP0,6 process (red lines Fig. 3·2), AFWM is larger (935 µm2), thus the gain slope ratio
between Raman and FWM is closer to unity (0.78), and we expect parasitic Raman
may be a more significant problem.
3Technically for this process, the pump is divided between LP0,4 and LP0,5 so the definition of
Aeff for the Raman process is somewhat ambiguous. As a conservative estimate, we have used Aeff
= Aeff
(0,5) as LP0,5 has a smaller effective area than LP0,4.
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It should also be noted that the derivation of FWM gain in the undepleted pump
regime assumes that the phase matching condition ∆β does not change over the
length of the fiber. In order for this assumption to be strictly valid, the longitudinal
homogeneity of a fiber sample would have to be perfect, given that fluctuations in
outer diameter (OD) lead to change in β and thus change in ∆β. Significant change
in phase matching across the length of the fiber decreases the effective FWM gain
(Karlsson, 1998; Myslivets et al., 2010; Farahmand and de Sterke, 2004). Given that
SRS is self-phase-matched by the phonon interaction, we expect that the presence
of a length-dependent phase matching condition will cause the relative efficiency of
FWM to SRS to decrease (see Sec. 8.1). In experiments we expect some inevitable
longitudinal fluctuation in fiber samples, thus it follows that keeping the gain slope
ratio between FWM and Raman as small as possible may help to mitigate parasitic
Raman effects.
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Chapter 4
Mode Purity
This chapter discusses the measurement and analysis of mode content in multi-mode
optical fibers. The introduction presents several popular means of determining the
relative powers of different modes traveling in a fiber sample, but the majority of the
chapter is devoted to frequency-domain C2 imaging (fC2), a technique developed to di-
rectly measure mode populations by analyzing multi-path interference (MPI) between
the modes. The mathematical formalism, properties, experimental implementation,
and capabilities of the system are all discussed within. The chapter’s summary also
includes recent improvements made to the system to limit noise and enable measure-
ment of orthogonal polarization projections simultaneously. This chapter does not
discuss the purity of modes excited via long period gratings (LPGs); instead, that
information is discussed in the next chapter (Sec. 5.1).
4.1 Mode purity metrics
The class of fibers discussed in this dissertation guide hundreds of modes making
it necessary to precisely control relative power of all the modes excited in the fiber
under test (FUT). When unintended modes are excited within the FUT, it can lead to
instability in output power and beam characteristics (Sec. 2.3), competing nonlinear
processes, and generally poor excitation efficiency for the desired mode(s). In the
case of LPGs, as discussed in the following chapter (Sec. 5.1), measurement of the
grating spectrum can be an effective means to measure the efficiency of higher order
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mode (HOM) excitation. However, in the case of free-space excitation mechanisms
(also discussed in the next chapter) there is not necessarily a feedback mechanism
to measure how purely a mode was excited. Ideally, one could measure the relative
powers of all the modes excited by the in-coupling system in real time, and use this
feedback to adjust the system parameters (alignment, coiling radii, etc.) to ensure
that the desired mode distribution is propagating in the FUT.
4.1.1 Inspection
The most obvious means for measuring the purity of a HOM is by inspecting the
near field image of the electric field exiting the fiber. The characteristic azimuthal
invariance and radial nulls associated with LP0,m modes make them very easy to
identify (Sec. 2.1), and indeed visual inspection is a powerful first step for generating
pure modes. There are some considerations that must be made, however. First, the
coherence length of the light source used to image the mode, given by Lc =
λ20
∆λB
(where λ0 is the center wavelength of the source, and ∆λB is the bandwidth), can
determine the visibility of effects from co-propagating parasitic modes. As discussed
in Sec. 2.3, if the coherence length is shorter than the propagation distance between
the modes (given by ∆ngL, where ∆ng is the group delay difference between the
modes, and L is the fiber length) then coherent effects will not be observed, and the
intensity distribution will be an incoherent sum of the modal intensity profiles. In this
case, the phase between the modes is irrelevant, so the image will remain static. As
a result, it may be difficult to detect small additions in intensity from non-dominant
modes. In practice, inspection in the incoherent regime is useful for identifying the
presence of parasitic LP0,m modes, as the radial intensity nulls will not fully go to
zero in the presence of other LP0,n 6=m modes giving the beam a “cloudy” appearance.
However, small azimuthal variations due to LPL 6=0,m modes can often go unnoticed.
If the coherence length is much longer than the group delay between the modes,
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then the near-field image will be a coherent superposition. Simple interference for-
malism shows that coherence between the modes can make the magnitude of change
imposed by even a small amount of power in a parasitic mode be very significant.
For example, a parasitic signal with 1% the local intensity of some dominant signal
can result in interference fluctuations of roughly 20%. This is a very powerful tool for
determining the presence of small parasitic signals. It is important to consider that
in this case, the intensity evolves with change in the phase between the interfering
modes, rather remaining static. Environmental fluctuations (such as temperature,
vibration, or fiber position and coiling) can change the relative phase between the
modes, and thus the intensity pattern. On one hand, this can be used to determine
the presence of parasitic modes: by simply disturbing the fiber, one can change the
phase between the modes and correspondingly change the near field image. The mag-
nitude of the corresponding change in the image can qualitatively inform an estimate
of the parasitic mode content. On the other hand, imaging in the coherent regime
can be misleading. For a given phase difference, even modes with comparable power
can coherently combine to look like one mode or the other (see Fig. 5·13 in Sec. 5.3).
It is therefore necessary to develop quantitative imaging techniques.
4.1.2 M2 beam quality metric
The quality of a laser beam is commonly described using the M2 parameter (Siegman,
1998). M2 describes the evolution of the width of a beam as it propagates through
focus, compared to an ideal Gaussian. The width of a beam in the x direction (Wx)
and y direction (Wy) as a function of propagation distance z are described by
W 2x (z) = W
2
0x +M
4
x ·
(
λ
πW0x
)2
(z − z0x)2 (4.1a)
W 2x (z) = W
2
0x +M
4
x ·
(
λ
πW0x
)2
(z − z0x)2 (4.1b)
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where λ is the wavelength, M2x and M
2
y are the beam quality parameters in the x
and y directions, and W0x and W0y are the widths of the beam at its waist, occurring
for some propagation distances z0x and z0y. Each width Wi is defined as twice the
second-moment width of the beam, such that Wx ≡ σx and Wy ≡ σy, where σx and
σy are given by
σ2x =
∫
(x− x0)2I(x, y)dxdy∫
I(x, y)dxdy
(4.2a)
σ2y =
∫
(y − y0)2I(x, y)dxdy∫
I(x, y)dxdy
(4.2b)
where I(x, y) is the intensity profile of the beam, and x0 and y0 describe the beam’s
center.
In the event that M2x =M
2
y = 1, Eqs. (4.1a), and (4.1b) collapse to the equations
for diffraction of a perfect Gaussian beam. If the beam has higher spatial frequency
content than a Gaussian (i.e. nulls, rings, etc.), then it will diffract quicker than a
Gaussian with the same W0x and W0y – thus M
2
x and M
2
y will be greater than unity.
The M2x and M
2
y parameters for a beam can be determined by measuring the size of
a diffracting beam, as discussed in the next chapter (Sec. 5.4).
The M2 technique was developed to measure the quality of free-space beams in
laser cavities. The fiber laser community has subsequently adopted this metric, even
as large mode area (LMA) fibers pushed into the multi-mode regime, assuming that
low M2 would still correspond to high quality beams in these systems. To the contrary,
M2 is not an accurate purity metric in the multi-mode regime because, as discussed
above, the intensity distribution is a coherent modal superposition, and thus the
second-moment width, in the near or far field is dependent on the phase between the
modes. For a given phase, the measured size of the beam can change, corrupting the
measurement. For example, an M2 of 1.1 (which is, for reference, better than many
commercial laser sources) can still be achieved with 30% HOM content (Wielandy,
65
2007). However, this number is meaningless as the beam will be subject to pointing
instabilities, hot-spot formation, and even fluctuation in the M2 as the phase between
the modes evolves.
4.1.3 Modal decomposition
A waveguide is by definition a cylindrical resonator, and thus has a set of allowed
orthogonal eigenmodes determined by the refractive index profile. Any field propagat-
ing in the structure can be decomposed into a superposition of these allowed modes,
each with some weighting coefficient (Eq. (2.7)), posing an eigenvalue problem that
can be solved with several methods. One approach is to compute the coefficients in-
directly by using the near field and far field intensity distributions along with a phase
retrieval algorithm in order to determine the correct coherent sum of modes leading
to the measured intensities (Shapira et al., 2005). A more direct approach is to use a
series of specifically designed holograms corresponding to each eigenmode and mea-
sure the correlation between each hologram and the incident field to determine the
weighting coefficients for each mode within the superposition (Flamm et al., 2012).
Each of these methods are computationally taxing, and the accuracy is fundamentally
linked to a priori knowledge of the fiber’s eigenmodes. Deviations between the simu-
lated and actual eigenmodes of the system, which can easily arise from uncertainties
in the fiber’s refractive index profile, will compromise the validity of a decomposition
measurement.
4.1.4 Interferometry
Interferometry can also be used to discern the modal content of a waveguide. Each
mode propagating in a fiber is a discrete state with a unique propagation constant.
Interference between the modes traveling in the fiber leads to specific frequencies
(Sec. 2.3), which can be decoupled from one another by way of a Fourier transform.
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Spatially and spectrally resolved (S2) is a popular interferometric measurement tech-
nique that uses a dominant mode in the fiber as a reference against which the power of
all the other propagating modes is measured (Nicholson et al., 2008). This technique
is simple and accurate, provided that the dominant mode has a simple spatial intensity
profile with no radial or azimuthal nulls. Cross-correlated (C2) imaging is a technique
very similar to S2, but removes the necessity of a spatially uniform dominant refer-
ence mode by incorporating a reference beam external to the fiber (Ma et al., 2009;
Schimpf et al., 2011). This external reference originates from the same light source
in order to ensure coherence, but can be Gaussian in profile and independently ma-
nipulated both in magnification and temporal delay. The first demonstrations of C2
were implemented by directly measuring signal in the time domain, which allows for
excellent temporal resolution, but results in long measurement times (∼ 10 minutes).
C2 is an ideal platform for measuring arbitrary mode content in a multi-mode
fiber (MMF), but initial demonstrations using the time domain method were too
slow to achieve real time feedback. This problem has a parallel to the development of
optical coherence tomography (OCT); a low coherence interferometry technique used
for imaging biological tissues, particularly retinal tissue in the eye, with excellent
depth sectioning (Huang et al., 1991). OCT also suffered from slow measurement
speeds as the acquisition time (primarily limited by the mechanical movement of
the delay stage) was slower than the blink response of test subjects, relegating the
technique unsuitable for in-vivo imaging of the retina (Yasuno et al., 2005). The
invention of the Fourier domain modelocked laser (Huber et al., 2006) demonstrated
that the frequency of a narrowband laser can be swept significantly faster than a
physical delay stage can sample time of flight in a sample – thus OCT measure-
ments migrated to measuring high coherence oscillations in the frequency domain
and employing a pixel-by-pixel Fourier transform in post-processing to recover ax-
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ially resolved image stacks in a fraction of the measurement time required by the
initial time domain method. Analogously, the frequency-domain implementation of
C2 imaging (fC2 imaging) described in this chapter allows for a hundred-fold increase
in measurement speed compared to the previous time domain technique, facilitating
near-real-time measurement of modal content in optical fibers.
4.2 The modal weight trace
The information one measures in a fC2 measurement is contained in the modal weight
trace, S(t), derived in the following section. The derivation is followed by a discussion
of the difference between the information gathered from fC2 versus S2 imaging.
4.2.1 Derivation of S(t)
C2 imaging is facilitated by interfering the field exiting a multi-mode FUT, corre-
sponding to an ensemble of m guided fiber modes, Em(x, y, ω), with a reference field,
Er(x, y, ω). Both fields originate from the same light source to ensure coherence be-
tween the arms of the interferometer, however, the reference field is external to the
FUT so both the size and relative delay can be manipulated independently. The form
of the FUT and reference fields are as follows
Em =
∑
m
αm(ω)Φm(x, y)e
i(βmLf+k0zm−ωt) (4.3a)
Er = αr(ω)Φr(x, y)e
i(βrLr+k0zr−ωt) (4.3b)
where x and y are the spatial coordinates of some detection plane, ω is frequency, t is
time, and k0 is the free-space wave vector given by 2π/λ where λ is the wavelength.
The coefficients αm and αr represent the frequency-dependent amplitude of the m
th
mode in the FUT, and the amplitude of the reference field respectively. Φm(x, y)
is the normalized transverse electric field of mode m in the FUT, and Φr(x, y) is
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the reference mode. βm and βr are the propagation constants for mode m and the
reference mode. Lf is the length of the FUT and Lr is the length of the reference
fiber. Finally, zm and zr are the free-space propagation lengths for the field exiting
the FUT and the reference field respectively.
We assume that the frequency-dependence of each arm is dependent only on the
frequency spectrum of the light source, a˜(ω), such that
αm(ω) = αma˜(ω) (4.4a)
αr(ω) = αra˜(ω) (4.4b)
The total field, E at the detection plane is the sum of the reference and FUT fields
E(x, y, ω) = αra˜(ω)Φr(x, y)e
i(βrLr+kzr−ωt)
+
∑
m
αma˜(ω)Φm(x, y)e
i(βmLf+kzm−ωt) (4.5)
The intensity distribution at the detection plane is given by the modulus squared of
the field
I(x, y, ω) = α2rIrA˜(ω)+
∑
m
α2mImA˜(ω)
+
∑
m
αrαmΦrΦ
∗
mA˜(ω)e
i(βrLr−βmLf)e−iωτ
+
∑
m
∑
n 6=m
αmαnΦmΦ
∗
nA˜(ω)e
i(βm−βn)Lf (4.6)
where n refers to the nth mode within the FUT, distinct from m mode, and corre-
spondingly, αn is the amplitude of the mode, βn is its propagation coefficient, and Φn
is its electric field. The intensity distributions for each mode are given by Ir = |Φr|2,
Im = |Φm|2, and In = |Φn|2. Note that the explicit spatial dependence of the electric
fields and intensity distributions for all the modes has been dropped for brevity. Fi-
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nally, the following definition is made for the relative delay between the interferometer
arms, τ = (zr − zm) /c.
The first two terms of Eq. (4.6) are only dependent on the incoherent sum of
the intensities of the reference mode and each mode in the FUT, and thus have no
frequency (apart from the slowly-varying frequency-dependent envelope of the light
source, A˜(ω)). These terms together are referred to as the “DC term”. The third term
is dependent on the interference between the reference and each mode in the FUT,
which is the information the measurement aims to gather – accordingly, this term is
referred to as the “C2 term”. The final term is due to interference among the different
modes in the FUT – similar to the information gleaned from a S2 measurement. For
the purposes of fC2, this term results in spurious signals, so it is referred to as the
“background term.”
In order to separate the frequencies from one another, a Fourier transform is
employed to move into the time domain
I(x, y, t) =
(
α2rIr +
∑
m
α2mIm
)
A(t)
+
∑
m
αrαmΦrΦ
∗
mCmr(t− τ − τmr) + c.c.
+
∑
m
∑
m 6=n
αmαnΦmΦ
∗
nCmn(t− τmn) + c.c. (4.7)
where A(t) is the Fourier transform of the intensity spectrum of the light source
A(t) =
1√
2π
∞∫
−∞
d∆ωA˜(∆ω)ei∆ωt (4.8)
and the cross-correlation function, Cmr, is defined as follows:
Cmr =
1√
2π
eiΘmr
∞∫
−∞
d∆ωA˜(∆ω)eiϕmrei∆ω(t−τ−τmr) (4.9)
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with
Θmr = ω0t− ω0τ − β(0)r Lr − β(0)m Lf (4.10a)
τmr = β
(1)
m Lf − β(1)r Lr (4.10b)
ϕmr =
∑
k≥2
∆ωk
k!
(
β(k)r Lr − β(k)m Lf
)
(4.10c)
Note that Cmn(t − τmn) is functionally identical to Cmr(t − τ − τmr) as defined in
Eq. (4.9) given that subscripts are appropriately indexed, and τ is zero for Cmn
(there is no relative delay due to free space propagation between modes in the FUT).
The definition of the cross-correlation function is dependent on a change in variables,
such that ω = ω0 + ∆ω, where ω0 is the center frequency, and ∆ω is the deviation
from it. Each propagation constant βr, βm, and βn, has been expanded in a Taylor
series following the convention β(k) = ∂kβ/∂ωk. As such, θmr describes the zeroth
order difference between the propagation constants (along with some extra constants
due to the change in variables). τmr arises from the first order difference between the
propagation constants, or the group delay (GD) difference between the interfering
modes. Finally, ϕmr is dependent on the group velocity dispersion (GVD) times
length difference and all higher order terms.
The cross-correlation function describes the shape of interference signals in the
time domain. The nature of this function is described further in the next section,
but in a properly designed system, it corresponds to a sharp peak in time, centered
where the argument is zero. The desired C2 information should only be dependent on
the amplitude and field for each FUT mode, multiplied by the corresponding cross-
correlation function. Therefore, it is necessary to normalize I(x,y,t) by the amplitude
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and field of the reference mode such that
s(x, y, t) =
I(x, y, t)
αrΦr
= ΨDC(x, y)A(t) +
∑
m
αmΦ
∗
mCmr(t− τ − τmr) + c.c.
+
∑
m
∑
n 6=m
Ψmn(x, y)Cmn(t− τmn) + c.c. (4.11)
where
ΨDC(x, y) = αrΦr +
∑
m
α2mIm
αrΦr
(4.12)
and
Ψmn(x, y) =
αmαn
αr
ΦmΦ
∗
n
Φr
(4.13)
The C2 term gives the essential information for this technique. Each mode m in the
FUT appears at a distinct delay governed by the argument of the cross-correlation
function (t − τ − τmr). Because τ is a physical variable for the system, the time at
which these cross-correlation signals manifest can be manipulated. Additionally, the
spatial information for each mode is preserved, thus s(x, y, t = τ + τmr) corresponds
to a reconstruction of the amplitude and phase of the mth mode, allowing for the
identification of each mode with no a priori knowledge about the waveguide. It can
also be useful to consider the intensities of the modes
S(x, y, t) = |s(x, y, t)|2 = |sDC |2 + |sC2|2 + |sBG|2 + sDCs∗C2 + c.c.
+sDCs
∗
BG + c.c.+ sC2s
∗
BG + c.c. (4.14)
where sDC corresponds to first term in Eq. (4.11), sC2 to the second, and sBG to the
third. An approximate form for S(x,y,t) is given by
S(x, y, t) ≈ |sDC |2 + |sC2 |2 + |sBG|2 (4.15)
where all of the cross terms from the modulus squared have been dropped, under
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the assumption that no two differing terms (DC, C2, or background) overlap in time.
This is a requirement for the measurement, because if the terms overlap, they will in-
terfere and result in an unintelligible measurement. This requirement can be satisfied
through a few means. The time-dependent functions A(t), Cmr(t), and Cmn(t) must
be kept as narrow as possible, which can be achieved by managing the bandwidth
of the source, matching the GVD times length difference between the interferome-
ter arms, and through apodization of the data, all of which will be discussed in the
following section. In addition, tuning the relative free-space delay between the inter-
ferometer arms (τ) can also help to ensure that C2 peaks are not coincident with any
other immobile features, such as the DC peak, background peaks, or any other spu-
rious peaks. Provided that these requirements are met, S(x,y,t) takes the following
form
S(x, y, t) = |ΨDCA(t)|2 +
∑
m α
2
mIm|Cmr(t− τ − τmr)|2 + c.c.
+
∑
m
∑
m 6=n |ΨmnCmn(t− τmn)|2 + c.c. (4.16)
The final from of the modal weight trace, S(t), is reached by integrating across all
space
S(t) =
∫∫
dx dy |ΨDCA(t)|2 +
∑
m α
2
m|Cmr(t− τ − τmr)|2 + c.c.
+
∫∫
dx dy
∑
m
∑
m 6=n |ΨmnCmn(t− τmn)|2 + c.c. (4.17)
The modal weight trace is a one-dimensional function that describes power as a
function of delay. The C2 term within the modal weight trace describes a series
of peaks, each corresponding to the guided modes of the FUT. The relative power
in each of these peaks informs the power in each of the guided modes in the fiber.
Looking at S(t) in real time, one can adjust the input coupling setup to maximize
the power in a desired mode, while suppressing parasitic modes, ensuring pure HOM
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excitation.
4.2.2 Comparison of fC2 and S2 imaging
Frequency-domain C2 and S2 are largely similar techniques, the crucial difference
being that in S2, the reference mode co-propagates with all the other modes in the
FUT. If the reference arm for a fC2 system is blocked, such that αr → 0, then
Eq. (4.7) is equivalent to the expected time-dependent intensity distribution for S2
imaging. In this configuration, the C2 term disappears, and instead, the background
term gives the desired information about the modal weights
I˜(x, y, t) =
∑
m
α2mImA(t) +
∑
m
∑
m 6=n
αmαnΦmΦ
∗
nCmn(t− τmn) + c.c. (4.18)
This equation describing the relative intensities is indecipherable without a strong
signal to reference all the other modes against. In S2, referencing is achieved by
ensuring than some mode s propagating in the FUT has significantly more power
than the others. In the limit of this dominant mode approximation, the contributions
to the DC term from all modes other than s are negligibly small, and the DC term
represents the intensity of the desired mode. Similarly, within the background term,
all components of the sum that do not involve the sth mode are also assumed to be
negligible. These conditions results in the following intensity distribution
I˜(x, y, t) ≈ αsIsA(t) +
∑
m 6=s
αsαmΦsΦ
∗
mCmn(t− τmn) + c.c. (4.19)
In fC2, there is no need for a dominant mode because the reference is external to the
fiber, and thus these approximations do not need to be made. This is key for appli-
cations where a dominant mode is not necessarily desired. For example, in Sec. 9.2,
a superposition of the LP0,4 and LP0,5 modes is used for nonlinear experiments, thus
the approximations made above do not hold, and accordingly S2 cannot be used for
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purity measurements.
In the derivation above, s(x,y,t) is calculated by normalizing the intensity of the
interference by the amplitude and field of the reference mode (Eq. (4.11)). This is
problematic should the reference field (Φr for fC
2, Φs for S
2) at any point go to
zero, as this will cause s(x,y,t), and thus S(t), to diverge. For C2, the reference
field is external to the FUT, so it can be manipulated independently. It is often
convenient to use a single mode fiber (SMF) in the reference arm to balance the
arms of the interferometer. The output of an SMF is essentially Gaussian, so there
are no problematic spatial nulls, and it can be magnified independently of the FUT
arm to ensure that it overlaps with the full extent of the field from FUT. In the S2
case, the reference mode must co-propagate in the FUT. If the dominant mode is
a HOM, normalization is complicated by spatial nulls, and requires post-processing
techniques to achieve accurate data. If the dominant mode is the fundamental mode,
normalization is possible, provided that the fundamental mode is large enough to
overlap with entire field of each HOMs in the fiber; otherwise, the edge regions will
diverge. This requirement is potentially be problematic for employing S2 on LMA
fibers employing HOM delocalization techniques (Jain et al., 2014).
A final difference between the two measurement schemes is that fC2 allows for
shaping of the width and delay of the signal peaks. Significant GVD difference be-
tween the arms will cause broadening of the peaks in the modal weight trace. Incorpo-
rating a length of dispersion-compensating SMF in the reference arm can balance the
GVD between the arms, counteracting the broadening. Post-processing techniques
for removing the effects of GVD have also been demonstrated for time domain C2
imaging (Schimpf et al., 2011).
Additionally, fC2 experiments often require that the relative delay (τ) between
the arms be adjusted such that the desired signal does not overlap with the DC peak,
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a background peak, or any other spurious peak. In S2 imaging, all of the modes
co-propagate, so the GVD difference between the dominant mode and the others can
not be matched with an external fiber, and the signal peaks cannot be moved in time
as there is no relative free-space delay between modes in the same FUT.
4.3 Properties of the cross-correlation function
The cross-correlation function, as described by Eq. (4.9) in the previous section,
determines the width and shape of the temporal signals in the modal weight trace.
If the GVD in each of the arms of the interferometer is properly matched, then the
cross-correlation function is simply the Fourier transform of the spectrum of the light
source, shifted to some delay. The following section will describe the cross-correlation
function in detail, including the effects of non-negligible GVD, as well as apodization.
4.3.1 Source spectrum, apodization, and temporal resolution
Frequency-domain C2 imaging uses a narrow linewidth, swept-wavelength laser to
facilitate measurements. This laser is swept over a given bandwidth ∆Ω as camera
images are acquired, resulting in three dimensional (x, y, ω) intensity data (Eq. (4.6)).
We will assume that over the sweeping bandwidth, the laser power is constant. The
validity of this assumption is ensured in practice by measuring the laser power during
these sweeps and normalizing the data for any variation. There is no laser power
outside of the bandwidth ∆Ω, therefore the source spectrum can be written in terms
of a continuous frequency variable ∆ω as a rect function: A˜(ω) = A0rect
(
∆ω
∆Ω
)
. If
the dispersion-times-length difference between the interferometer arms is zero, then
ϕmr (Eq. (4.10c)) is also zero, and the cross-correlation function (Eq. (4.9)) is simply
a delayed Fourier transform of the input spectrum – a sinc function in this case.
Ideally, the cross-correlation function is as narrow in time as possible, and quickly
falls to the noise floor so as not to interfere with other signals in the modal weight
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trace. The sinc function fulfills part of this criteria as it is fairly narrow in the vicinity
of the peak. Unfortunately, it also exhibits side-lobes which could potentially be prob-
lematic for discerning other nearby signals. In some cases, it is beneficial to apodize
the data the in order to remove these side lobes. For these purposes, apodization is
defined as multiplying the intensity data (Eq. (4.6)) by an arbitrary function in the
frequency domain. This is equivalent to modifying the input spectrum of the light
source by some apodization function. Careful selection of the apodization function
can smooth the otherwise sharp corners of the input spectrum and suppress side-
lobes in the resulting cross-correlation function. This practice has long been in use
for side-lobe suppression in filters, both in the electrical and optical domain, includ-
ing fiber Bragg gratings and LPGs (Madsen and Zhao, 1999; Kashyap, 1999). Here,
super-Gaussian apodization functions are used in order to modify the signals. It is
worth mentioning, however, that since apodization happens in the post-processing do-
main, any function of arbitrary complexity could be used. The set of super-Gaussian
functions considered are defined as
AN(∆ω) = e
−
(
∆ω
∆ΩN
)N
(4.20)
where N is an even integer describing the order of the super-Gaussian, and ∆ΩN
is an adjusted bandwidth defined for the apodization function. The apodized input
spectrum is thus
A˜′(∆ω) = A˜(∆ω) · AN(∆ω) = A0rect
(
∆ω
∆Ω
)
e
−
(
∆ω
∆ΩN
)N
(4.21)
In order to eliminate the steep gradients in the source spectrum, the adjusted band-
width of the apodization function ∆ΩN must be chosen such that it falls to zero
within the bandwidth of the source, ∆Ω, otherwise side-lobes will still be present in
the cross-correlation function. The following definition for the apodization bandwidth
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requires that the function has fallen to 1% of maximum within the source bandwidth:
∆ΩN =
1
2
∆Ω [−ln(0.01)]−1/N . Using this definition, the apodized source spectrum is
effectively the apodization function
A˜′(ω) ≈ A0e−
(
∆ω
∆ΩN
)N
(4.22)
The bandwidth of the apodized light source is given by ∆ΩN , which means that lower-
order super-Gaussian apodization functions will effectively decrease the bandwidth
of the light source relative to the un-apodized case. Decrease in bandwidth has
ramifications for the temporal resolution of the measurement which is discussed later
on in this section. To counteract this effect, the laser can be swept over a larger
bandwidth, but doing so will increase the measurement time.
In Fig. 4·1(a), several apodization functions are shown including 12th (orange), 6th
(yellow), and 4th (green) order super-Gaussians, a normal Gaussian (blue, N=2), and
the un-apodized case (red, rect function). As the super-Gaussian order is decreased
the sharpness of the corners also decreases. If GVD is ignored, then the cross-
correlation function, |C(t)|2, is a simple Fourier transform. The cross-correlation
function for each apodized spectra is shown on a log scale in Fig. 4·1(b). In the
un-apodized case, the side-lobes are very strong. With increasing apodization the
side-lobes are further suppressed, and for Gaussian apodization, the side-lobes are
entirely removed.
Typically, the resolution for a system is defined in terms of the full-width at
half maximum (FWHM) of the peak. For the work presented here, the goal is to
resolve the signals from different modes in order to determine their relative powers.
If the power in a parasitic mode is roughly half that of the desired mode, then the
FWHM definition of resolution suffices. Ideally, however, parasitic modes are typically
suppressed at least 10 dB relative to the dominant mode, in which case, FWHM
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Figure 4·1: (a) Various apodized input spectra including Gaus-
sian (blue), 4th (green), 6th (yellow), and 12th (orange) order super-
Gaussians, and the un-apodized case (red); (b) |C(t)|2 for all cases
(offset for clarity); (c) the envelopes of the functions in b) shown for
t>0; the −15 dB point is marked with a dashed black line; (d) Group
delay resolution as a function of MPI between a dominant and para-
sitic C2 signal for each apodization function. Reproduced from Fig. 1
in (Demas and Ramachandran, 2014).
is not necessarily a good definition for the temporal resolution of the system. A
more in depth metric for GD resolution, which takes into account the multi-path
interference (MPI) between the desired and parasitic modes, must be employed.
The envelopes for the cross-correlation functions for each of the apodized input
spectra are shown in Fig. 4·1(c). Conservatively, a parasitic signal cannot be resolved
unless it is above the envelope. As a result, the envelope gives the minimum MPI for
which a parasitic signal can still be resolved as a function of the relative GD between
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the signals. The envelopes can thus be inverted to give GD resolution as a function
of MPI, as shown for each apodized spectrum in Fig. 4·1(d).
In Fig. 4·1(c), there is an evident crossing point at −15 dB between all of the
envelopes of the cross-correlation functions for the various apodization functions.
Above this point, the un-apodized case has the narrowest cross-correlation function,
and correspondingly, the GD resolution is better than all of the other apodized spec-
tra. Below −15 dB, the side-lobes of the sinc function make the un-apodized case
wider than the others. In this regime, the Gaussian-apodized spectrum has the nar-
rowest cross-correlation envelope, and thus the best GD delay. The crossing point
defines two specific regimes: for MPI > −15 dB, the un-apodized case exhibits the
best GD resolution; for MPI < −15 dB, Gaussian-apodization improves resolution.
Super-Gaussian apodization of any order is a compromise between the two, with
higher orders tending towards the un-apodized case. For the experiments presented
in this chapter, the lowest MPI values measured were −14 dB, thus no apodization
was used. However, since apodization is a post-processing technique, for the same
measurement, the data can be reprocessed with different apodization functions to
resolve parasitic features with any MPI with respect to the desired signal.
4.3.2 Group velocity dispersion
Up until this point, the effects of GVD have been ignored. GVD is grouped with
all the higher order derivatives of β in the definition for ϕmr which appears in the
phase term of Cmr (Eq. (4.9)). In this section, the effects of GVD are explored with
the assumption that all terms higher than the 2nd order (k>2) are negligible, thus
ϕmr = 1/2∆ω
2(β
(2)
r Lr − β(2)m Lf ). It is key to remember that ϕmr is not an absolute
dispersion value – it is the difference between the dispersion times length value for
the mth mode in the FUT and the reference mode in the reference fiber. Even if the
mth mode has significant dispersion, an appropriate length of reference fiber (with
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the proper dispersion sign) can be chosen to balance it and minimize the effects of
GVD.
In Fig. 4·2 below, the numerical solutions for the cross-correlation function of an
un-apodized light source (a), and a Gaussian-apodized light source (b) in the presence
of increasing GVD-times-length difference are shown.
Figure 4·2: (a) The effect of GVD-times-length mismatch on |C(t)|2
with no apodization. (b) The effect of GVD-times-length mismatch on
|C(t)|2 with Gaussian apodization. Note that the legends for (a) and
(b) have different GVD-times-length values. Reproduced from Fig. 2
in (Demas and Ramachandran, 2014).
For the un-apodized case, the quadratic phase in the cross-correlation function
(Eq. (4.9)) integrated over definite bounds leads to an analytic solution using imag-
inary error functions. If the dispersion difference is negligible, the solution becomes
a sinc function. As the dispersion-times-length difference increases, the side-lobes
of the sinc function grow comparable to the center peak. For GVD-times-length
difference below ∼0.3 ps/nm, |C(t)|2 is largely unaffected. For the measurements
presented in this chapter, GVD-times-length difference never exceeds 0.22 ps/nm, so
no dispersive broadening is anticipated. If the dispersion-times-length difference is
large for a given measurement, it is possible to fit the cross-correlation function in the
post-processing domain and determine the GVD for each mode in the FUT (provided
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the lengths of fiber in each arm, and the dispersion of the reference mode are well
known). Once GVD is characterized, the effects of any mismatch in the interferome-
ter can be removed with a technique known as “electronic dispersion compensation”
(Taylor, 2004; Savory et al., 2007; Schimpf et al., 2011; Barankov, 2012).
With Gaussian-apodization, the broadening is much simpler because the solution
of the cross-correlation function is still a Gaussian, albeit wider. Note that for the
Gaussian-apodized case, significantly more GVD-times-length difference is required
to alter the width of the peak (note that the legends for Fig. 4·2 (a) and (b) are
not the same). This is because ϕmr depends quadratically on the bandwidth of the
source, and for the Gaussian-apodized case, the adjusted bandwidth (∆ΩN) is 2.1
times smaller than the original bandwidth (∆Ω).
4.4 Experimental implementation of fC2 imaging
Frequency-domain C2 imaging is implemented using the setup detailed in Fig. 4·3
(a). The light source used for these experiments is a continuous-wave (CW) external
cavity diode laser (ECL) (Thorlabs TLK-L1050M) which emits ∼5 mW of power
with a ∼100 kHz linewidth. Roughly 1% of the laser power is tapped off and sent
directly to a silicon camera (Thorlabs DCC1645C, maximum frame rate = 140 frames
per second) at the detection plane. This “monitor” arm (shown in orange) allows
for normalization of any power fluctuations of the source during the measurement.
Normalization could also be achieved using a power meter rather than the camera; the
camera is convenient, however, as it is already interfaced. The majority of the light is
incident on a fiber 3-dB coupler, which splits the light into the reference (green) and
FUT (red) arms of the interferometer. In order to prevent unwanted back reflections,
the second input to the coupler is “optically grounded” by angle cleaving the fiber
and immersing it in index-matching gel.
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The fundamental mode exiting the coupler in the FUT arm is imaged onto the
surface of a spatial light modulator (SLM) (Hamamatsu X10468-07) which uses binary
phase plates (BPPs) to excite select HOMs in the FUT (described in detail in the
next chapter, Sec. 5.3). The reference arm comprises ∼5 m length of SMF (Corning
HI1060) which approximately matches the fiber and free-space optical path length of
the FUT arm. The reference mode is imaged onto the camera with an objective lens
(Nikon BD Plan Apo 150) with magnification such that the reference beam is larger
than the field from the FUT at the detection plane. The reference path in free-space
leaves the lens, is transmitted by a free-space beam splitter, is retro-reflected by a
mirror on a delay stage, and is finally reflected by the same beam splitter and steered
onto the camera. Relative delay (τ) can be tuned by moving the delay stage back
and forth with respect to the beam splitter. The FUT beam in free-space is reflected
by one beam splitter (such that half the light can be used for other experiments) and
then transmitted through a second beam splitter such that it is collinear with the
reference beam.
Each port of the 3-dB coupler has a polarization controller, and a linear polarizer
(LP) at the output. The polarization controllers can be used in conjunction with
the associated LPs to act as variable attenuators in order to adjust the power ratio
between the arms such that interference signal is maximized. The LP in the FUT
path ensures horizontal polarization, the preferred orientation of the liquid crystals
in the SLM. The polarizer in the reference arm also ensures a linear polarization.
The field exiting the FUT is modified by quarter and half-wave plates such that
interference between the FUT beam and linearly polarized reference is maximized.
This implicitly assumes a high polarization extinction ratio for the field exiting the
FUT and that off-polarized components are negligible, given that components of the
field orthogonal to the reference polarization will not interfere and thus will not be
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measured. Recent improvements to the system allow for measuring both components
of the field’s polarization simultaneously, removing this assumption (Sec. 4.7). A
sample camera frame showing the interfering reference and FUT beams, as well as
the monitor arm is shown in Fig. 4·3(b).
Figure 4·3: (a) Experimental setup for fC2 imaging facilitated by an
ECL split into three arms: monitor (orange), reference (green) and fiber
under test (red), all combined on a CMOS camera; (b) Sample camera
frame showing the monitor (orange) separated from the interference
of the Gaussian reference (green) and FUT (red) beams. Reproduced
from Fig. 3 in (Demas and Ramachandran, 2014).
For each measurement, the laser sweeps from 1046 nm to 1040 nm at a constant
velocity of 6.3 nm/s. During the first 1 nm of the sweep, no data is collected – this
buffer ensures that the motor has reached constant velocity and is not accelerating
during the measurement. As the wavelength is swept over the next 5 nm (1045 nm
- 1040 nm), 99 camera frames are collected with a 8 ms period such that the wave-
length of each exposure is encoded by the acquisition time. The entire measurement,
including the buffer, takes 950 ms to complete.
S(t) is calculated using a LabVIEW program which processes the camera frames
immediately after the measurement is completed. A 141×141 pixel region of inter-
84
est is defined around the interfering reference and FUT fields. The reference field
is measured by capturing a frame with the FUT arm blocked, and computing the
square root of the measured intensity. The interference intensity is normalized by the
reference field in keeping with the derivation of the modal weight trace in Sec. 4.2,
as well as by the intensity from the monitor arm to ensure variations in the power
of the source as it sweeps do not effect the measurement. The normalized intensity
is transformed into the time domain using a pixel-by-pixel fast Fourier transform
algorithm, the modulus squared is computed, and the result is integrated across all
pixels in the region of interest to yield S(t). The software interface allows the user
to place a cursor at any peak in the modal weight trace and reconstruct the intensity
corresponding to the mode at that particular delay. Computation of S(t) requires
∼2.5 s in addition to the measurement time. The processing time could likely be
made negligible in comparison to the measurement time with further optimization,
given that far more complicated OCT data sets can be displayed at video rates.
4.5 Properties of the fC2 system
4.5.1 Temporal resolution and sampling
The temporal resolution of the system can be determined by considering the form of
the cross-correlation function (Eq. (4.9)). The best resolution possible will correspond
to the narrowest cross-correlation peaks, which occurs when the GVD is balanced
between the arms of the interferometer. If GVD is negligible, the cross-correlation
function is a sinc function, and temporal resolution can be approximated by the
FWHM of sinc2, given by
tFWHM =
5.56
∆Ω
=
5.56λ20
2π∆λc
(4.23)
where ∆Ω is the frequency bandwidth of the source, ∆λ is the wavelength bandwidth
85
of the source, λ0 is the center wavelength of the source, and c is the speed of light.
The resolution of the system is inversely proportional to the bandwidth over which
the ECL is swept. For a 5 nm sweep bandwidth, the maximum temporal resolution
is 630 fs. For measuring parasitic signals with powers much lower than the dominant
peak (Fig. 4·1(d)), or in the presence of significant dispersion-times-length difference
(Fig. 4·2), this resolution will decrease.
Sampling also plays a role in the resolution for fC2. Here, the temporal array
over which S(t) is calculated is fixed by the fast Fourier transform algorithm. The
delay between adjacent sampling points is given by δt = 2π/∆Ω, leading to a max-
imum resolution of 720 fs. In this case, time domain C2 has an advantage because
the sampling is given by the increment with which the delay stage is moved rather
than by a transform relationship. Even though the resolution is still determined
by the bandwidth of the source, the time domain can be over-sampled to achieve
resolution-limited performance by scanning at a finer increment. However, increasing
the sampling in the time-domain also increases the measurement time, leading to a
trade off between temporal resolution and measurement speed.
Sampling points can also affect the appearance of the shape of the cross-correlation
function in the measurement. The DC peak (where no apodization is applied) is
described by sinc(∆Ωt/2), which is centered at t = 0. The nulls of the sinc function
in this case are exactly coincident with the sampling points of the temporal array
given by δt above. As a result, the side-lobes for the sinc function describing the
DC peak will not be visible in the modal weight trace and the DC peak will appear
much narrower than the functional form would suggest. This is not universally true
for all the peaks in the modal weight trace, however. The delay for the center of a
given peak will not necessarily coincide with a point in the sampling array, meaning
that the side-lobes for C2 and background peaks may be sampled, and the actual
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peak value may not be sampled. This represents yet another practical use for tunable
delay (τ) in the system: to ensure accurate sampling of key peaks in the modal weight
trace.
4.5.2 Signal to noise ratio
The signal to noise ratio for the system can be characterized by employing a single-
mode FUT. Looking at the form of S(t) (Eq. (4.17)), the sum over m in the C2
term collapses to a single element as there is only one mode, and the background
term vanishes as there is no intermodal interference within the FUT. Accordingly,
we expect that an fC2 measurement of an SMF should comprise a DC peak, and a
single C2 peak – any other peaks are spurious.
For this system, the appearance of spurious peaks is correlated to the speed with
which the ECL sweeps in wavelength. To characterize this tradeoff between noise and
measurement speed, modal weight traces were measured as a function of the total time
taken to complete the measurement. In each measurement, the camera exposure was
adjusted to ensure that the effective bandwidth of the laser source never changed,
only the sweeping velocity. Five traces were measured for each total measurement
time and averaged (a sample is shown for the 950 ms measurement in Fig. 4·4(a)).
The signal to noise ratio (SNR) for each total measurement time was calculated by
determining the mean value of the noise floor in each average trace which is defined
as the average value of all data points (green shaded region, Fig. 4·4(a)) excluding
the DC peak (blue shaded region) and the C2 peak (red shaded region). The width
of the DC and C2 peak in time were defined by the values for which they each cross
−40 dB (approximately the level of the noise floor). The SNR was defined as the
ratio of the maximum value of the C2 peak to the average value of the noise floor.
SNR as a function of measurement time is shown in Fig. 4·4(b). The error bars
for each data point are given by the standard deviation of the 5 traces averaged.
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The SNR generally worsens as the measurements get faster, though there is notable
non-monotonic behavior near measurement times of approximately 1 second. The
general degradation of the SNR is due to the increased appearance of spurious peaks
as measurements get faster. An example of these peaks can be seen in Fig. 4·4(b) for
t = 10 ps, and 30 ps. These peaks are dependent on the velocity of the wavelength
sweep and are likely due to mode-hopping frequencies from the ECL or an unmiti-
gated back reflection. At 950 ms/measurement, the SNR is increased relative to its
neighbors. The cause for this deviation is unknown, but since the goal is to complete
measurements as quickly as possible, the system was operated at this local maximum
for the rest of the measurements presented in this chapter.
Figure 4·4: (a) Average of 5 S(t) traces, each measured in 950 ms, used
for the calculation of signal to noise ratio (SNR); blue-shaded region
corresponds to DC, red-shaded region is anticipated C2 peak, green-
shaded region is noise; (b) Maximum SNR for our system as a function
of measurement time – all subsequent measurements are performed with
a speed of 950 ms/measurement. Reproduced from Fig. 4 in (Demas
and Ramachandran, 2014).
High speed measurement capability is particularly useful for real time alignment of
modal excitation systems. Once the system is aligned, it can be advantageous to in-
crease the measurement bandwidth (and thus the temporal resolution), and decrease
the sweep velocity to remove spurious peaks in the data (as is the case for the mea-
surements in Chap. 5). Increasing the bandwidth increases the measurement time,
however (measurements in Chap. 5 were completed in ∼7 s for a 10-nm bandwidth).
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Measurement time cannot be increased arbitrarily due to sporadic changes in phase
between the arms of the interferometer owing to perturbations in the environment
(air currents, temperature shifts, vibrations). As measurement time increases, phase-
stabilization becomes more difficult, and any resulting fluctuations can corrupt the
measurement. This is a potential advantage of S2 relative to fC2 given that an in-
fiber, single-arm, Mach-Zender interferometer is likely more robust to environmental
fluctuations than the free-space Michelson configuration used for fC2.
SNR could potentially be improved by using a camera with a higher bit-depth.
In these measurements, the camera bit-depth was 8-bits, or 256 gray levels. Corre-
spondingly, the minimum peak-to-peak fluctuation measurable is 254 to 255 counts,
or −0.017 dB. As discussed in Sec. 2.3, MPI is given by the following, where ptp is
the peak-to-peak fluctuation in decibels (Ramachandran et al., 2003b)
α2 =
(
10ptp/20 − 1
10ptp/20 + 1
)2
(4.24)
For an 8-bit camera, the smallest MPI measurable is −60 dB, which gives a theoretical
limit for the noise floor of the measurement. A 16-bit camera would have a theoretical
noise floor of −108 dB, an improvement of −48 dB relative to the 8-bit device.
Provided that the frame rate of the camera is suitable for high speed measurements,
this may be a viable strategy for increasing the SNR of the system.
4.6 Experimental results
In the following experiments, a 1.13 m length of dual-core MMF is used as the FUT.
An image of the fiber facet highlighting the different guiding regions (core, inner-
cladding, outer-cladding) is shown in Fig. 4·5(a). At the wavelengths used for these
experiments, the fiber guides hundreds of modes and the highest LP0,m mode guided
is LP0,12. The design considerations and characteristics of the fiber are described in
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detail in Sec. 6.1.1.
4.6.1 Simultaneous reconstruction of multiple guided modes
In order to characterize the reconstruction capabilities of the fC2 setup, a me´lange
of different LP0,m modes are excited in the fiber simultaneously. To create this su-
perposition, the phase on the SLM in the FUT arm of the interferometer (Fig. 4·3)
is flattened so that the device acts as a mirror. The Gaussian spot focused onto the
facet of the FUT is roughly the same size as the fiber’s inner-cladding (region II,
Fig. 4·5(a)), resulting in coupling to many LP0,m modes. An image of the ensemble
of modes at the end of the FUT is shown inset in the plot in Fig. 4·5(b). In this
case the system was well aligned, but it should be noted that tilt misalignment will
result in coupling to higher order angular modes (i.e. LP>0,m modes), as discussed in
Sec. 5.3.
The modal weight trace for the me´lange of modes was measured using the fC2
setup (Fig. 4·5(b)). In this case, the trace contains a series of small peaks just
above the noise floor. Reconstructions of each peak show that they correspond to
the LP0,4 through LP0,9 modes. The properties of each mode in the fiber (spatial
field profile, propagation constant, group index, dispersion) were calculated using a
scalar modesolver (described in App. A). The relative delay for each mode can be
determined from its group index. In Fig. 4·5(c), a comparison between the measured
and calculated relative delay between each mode is shown. The excellent agreement
in delay, as well as the agreement between the calculated and reconstructed intensity
profiles for each mode, demonstrate that the system is capable of identifying an
ensemble of co-propagating modes with MPI values near the noise floor.
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Figure 4·5: (a) Facet image of the double-clad FUT used for multi-
mode experiments with the core (I), inner cladding (II), and outer-
cladding (III) marked; (b) S(t) trace for a mixture of modes excited
in the test fiber (output of the fiber under this excitation condition
inset in the trace), images (i) through (vi) are points of interest in
the S(t) trace reconstructed with gamma correction for visibility; (c)
Comparison of simulated and measured relative delays for the excited
modes in 1.13 meters of test fiber. Reproduced from Fig. 5 in (Demas
and Ramachandran, 2014).
4.6.2 Monomode operation
The system was also used to verify excitation of single, select modes with high purity
in the FUT. For these experiments, binary phase plates (BPPs) were used on the SLM
in the FUT arm of the interferometer in order to excite select LP0,m modes. BPPs
will be discussed thoroughly in the following chapter (Chap. 5), but essentially they
impart the binary 0 or π radial phase of an LP0,m mode onto a Gaussian beam, so that
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the resulting field overlaps well with the target mode. In this case, the target mode
is LP0,5. Careful optimization of the phase plate on the SLM, and more importantly,
the alignment of the free-space beam coupled into the FUT, is necessary for pure,
monomode operation.
Figure 4·6: (a) Alignment setup. (b) S(t) traces as a function of the
alignment of the FUT with respect to the coupling lens. the red shaded
portion of each trace corresponds to signal in the LP0,5 mode. (c) Re-
construction of the dominant parasitic mode LP1,4. d) Reconstruction
of the desired LP0,5 mode for worst case alignment. Reproduced from
Fig. 6 in (Demas and Ramachandran, 2014).
Near-real-time feedback from fC2 measurements is used to finely tune the align-
ment of the fiber facet with respect to the coupling lens (schematic shown in Fig. 4·6(a)).
As this alignment is adjusted, the distribution of the modes excited in the fiber
changes. Fig. 4·6(b) shows the modal weight trace and image of the fiber output
(inset) as a function of X, the lateral offset of the fiber facet from the axis of the
input coupling lens (X = 0). In each modal weight trace, the red shaded portion
represents the C2 peak for the desired LP0,5 mode.
For slight deviations from the best coupling position (X = ± 1 µm), the purity
of the LP0,5 mode is compromised by a parasitic peak at a relative delay of ∼1.45 ps
from the dominant peak. The parasitic mode in this case is LP1,4, identified by the
intensity reconstruction (Fig. 4·6(c)). It is well-known that tilt misalignment can
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cause the excitation of higher-order angular modes, so this result is expected. The
relative delay between these modes as calculated from the modesolver is 1.88 ps, in
good agreement with the measured result.
If the fiber is offset further (X = ±2 µm), the strength of LP1,4 peak does not
overtake the LP0,5 peak as one might expect. Instead, a reconstruction of the mode
at the center of the peak where LP0,5 is expected shows a coherent superposition of
the LP0,5 and LP2,4 modes (Fig. 4·6(d)). In the fiber used for these experiments,
these two modes are nearly degenerate, and thus travel with the same group index.
As a result, they manifest at nearly the same delay, and the approximation made
in the derivation of the modal weight trace (Eq. (4.15)) is broken; therefore the
reconstruction is distorted. While the peaks for each of these modes are not separable
in this case, the presence of the higher-order angular mode can be determined by
analyzing the reconstruction for any azimuthal variation.
Best coupling (X = 0 µm) is achieved by aligning the system while measuring
modal weight traces until the parasitic modes are suppressed as much as possible.
In this demonstration, all other peaks are suppressed by 13 dB relative to the LP0,5
peak. Measurement of mode purity in near-real-time thus allows for optimization of
coupling efficiency and mode purity in highly multi-moded fibers.
4.7 Summary and improvements to the fC2 system
This chapter discusses popular methods of measuring mode content in multi-mode
fibers, and introduces the fC2 technique for interferometrically determining mode
distributions in near-real-time. Quantitative measurements of mode purity are nec-
essary for MMFs because visual inspection, while an important first step for system
alignment, is not sufficient for determining the presence of parasitic modes, or their
identities (necessary information to mitigate the excitation of these modes). Further-
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more, M2 measurements are not sufficient for determining mode purity in MMF fibers
as the results are entirely dependent on the instantaneous phase between the modes
at the time of the measurement.
We have demonstrated fC2 as a rapid quantitative imaging technique for deter-
mining the identities of parasitic modes and their relative strength in near-real-time.
The fC2 system has been updated since the time of these initial measurements for
increased performance. First, the system was enclosed to limit phase fluctuations
between the arms of the interferometer, decreasing measurement noise. Next, a po-
larization beam-displacing prism (Thorlabs BD40) was placed in the combined path
between the beam splitter and camera. This prism separates the x and y polariza-
tion components of the FUT and reference fields into two spatially distinct regions
of interest, which each interfere to give polarization-resolved modal weight informa-
tion. Using this method, no assumptions about the polarization extinction ratio of
the FUT are necessary. Finally, normalization using the monitor arm was not used
for later measurements. It was determined that mode-hopping frequencies from the
ECL were present in the monitor arm and that normalization by this oscillating signal
was actually exacerbating spurious peaks in the modal weight trace. Given that the
purpose of the monitor was simply to decrease the width of the DC peak, which is
fairly narrow even without normalization, we elected to remove the monitor from later
implementations of this technique. The combination of these changes to the setup
increased the SNR, allowing for measurement of parasitic mode suppression >15 dB
for the experiments described in the next chapter.
94
Chapter 5
Mode Excitation
The following chapter discusses methods for converting a Gaussian beam into a desired
mode at the input of an optical fiber, or reciprocally, converting a mode back into a
Gaussian at the output. There are two main categories of mode conversion systems:
in-fiber methods, and free-space beam-shaping techniques.
An in-fiber mode conversion device converts the fundamental mode inside the
waveguide to the mode of choice, where the fundamental mode has been excited by
coupling an external Gaussian beam directly to the core of the waveguide or by splic-
ing the test fiber to a single mode fiber (SMF). A reciprocal device at the output of the
fiber converts back to the fundamental mode, which is typically Gaussian-like in free-
space. Examples of in-fiber conversion devices include long period gratings (LPGs)
(Blake et al., 1986; Vengsarkar et al., 1996), multi-mode interference devices (Yilmaz
et al., 2007), and fused fiber-couplers (Lai et al., 2007); here we will concentrate
on LPGs due to ease of fabrication, high conversion efficiencies, low loss, and large
bandwidth. In Sec. 5.1, theory, fabrication, characterization, and bandwidth opti-
mization for LPGs are discussed as an effective means to convert modes within a
fiber. LPGs have negligible loss, high conversion efficiency (>99.9% routinely), and
can be manufactured with large conversion bandwidths (Ramachandran et al., 2002).
Mode conversion with a LPG requires the ability to selectively excite only the fun-
damental mode of the waveguide prior to the mode converter. A practical solution
to this problem is to introduce a single-moded inner core in addition to the higher
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order mode (HOM)-guiding outer core, making mode matching for external excitation
or splicing to SMF easier. Introducing a core necessarily complicates the fiber de-
sign and fabrication, however. Furthermore, the fundamental mode in a single-moded
core generally has a smaller effective area, leading to reduction of the dielectric break-
down threshold, and undesired nonlinear effects such as self phase modulation (SPM),
stimulated Raman scattering, and stimulated Brillouin scattering.1 Additionally, a
grating is a static device which enables conversion between set modes for a set wave-
length; therefore, testing a new mode or center wavelength requires the fabrication of
a new device.
Alternatively, modes can be converted by shaping a Gaussian beam in free-space
and coupling directly to the fiber (or the reciprocal for output coupling). Free-space
beam shaping has the advantage that the fiber does not need a core, and propagation
in the fundamental mode is not necessary. Thus free-space coupling allows for simpli-
fied fiber designs, and high power operation.2. In Sec. 5.3, axicons and binary phase
plates (BPPs) are introduced as free-space elements for excitation and conversion of
HOMs. For these devices, the loss and conversion efficiency are reduced in comparison
to LPGs, but the power tolerance can be greatly increased. Mode conversion systems
using free-space elements have the advantage that they can be tailored to an arbitrary
mode or bandwidth. In the BPP case, when the phase pattern is implemented in a
computer-controlled means, the target mode order can even be switched in real-time.
1SPM is primarily a problem prior to the grating and during mode conversion – the phase
modulation can actually effect the coupling strength of the grating by modifying the detuning
(Eq. (5.3)). The effect of parasitic Raman and Brillouin scattering due to the small effective area
of the fundamental mode can be limited by reducing the length between the beginning of the fiber
and the mode converter. However, if the fundamental mode area is very small, the effective area
for nonlinear processes between the excited HOM and the fundamental mode can be smaller than
effective area (Aeff) for the mode itself; a problem which can fundamentally limit the use of the
system for practical experiments.
2Operating power may still be limited by elements before or after the fiber that facilitate the mode
conversion. For example, spatial light modulators (a popular means of manipulating two-dimensional
phase profiles in free-space) have a finite power tolerance due to optically-induced heating of the
liquid crystals.
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5.1 Long-period gratings
A LPG is a device inscribed into an optical fiber that periodically perturbs the ef-
fective index of the fundamental mode in order to resonantly couple energy to a co-
propagating HOM (Blake et al., 1986; Vengsarkar et al., 1996). In a sense, an LPG
is a fiber analogue of a free-space diffraction grating; diffraction gratings scatter light
in different directions, where LPGs scatter light between modes. LPGs have many
applications in optics, including optical signal filtering (Vengsarkar et al., 1996), op-
tical sensing (Bhatia and Vengsarkar, 1996; Demas et al., 2012), and of course mode
conversion.
There are many ways to inscribe the perturbation: deformation or stress relax-
ation with a CO2 laser (Poole et al., 1994a), periodic micro-bending (Blake et al.,
1986), flexural acoustic waves (Dashti et al., 2006), and ultra-violet (UV) exposure
(Vengsarkar et al., 1996). The choice of perturbation is largely due to convenience
and the desired permanence of the device; but it is essential that the symmetry of
the perturbation compensate the mismatch (∆l) in symmetry between the angular
eigenvalues of the intial and final modes. For example, if one hopes to couple between
the fundamental mode (l = 0) and the LP1,1 mode (l = 1), then the perturbation used
must have a cos(φ) component (such as a bend) otherwise coupling will not occur.
For the purposes of this thesis, coupling is strictly between the fundamental mode
and LP0,m modes (∆l = 0). Accordingly, only symmetric UV-induced perturbations,
which have no azimuthal dependence, are considered.
In the following sections, mode coupling theory for LPGs will be presented, fol-
lowed by a discussion of fabrication, characterization, mode stripping and purity,
and finally bandwidth optimization using specialized gratings including turn-around
point (TAP) gratings and chirped gratings.
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5.1.1 Theory
Figure 5·1: Schematic illustrating longitudinal periodic refractive in-
dex perturbation for a long-period grating inscribed in a fiber core.
Coupling in LPGs is a specific application of coupled-mode theory for guided-wave
optics (Yariv, 1973). The notation here closely follows that of Erdogan’s description
of fiber LPGs and Bragg gratings (Erdogan, 1997). A LPG is formed by a periodic
change in the refractive index of the single-mode core of an optical fiber. It is assumed
that the periodic index change, δneff (z) (as shown in Fig. 5·1), has cosine dependence
given by
δneff (z) = δneff (z)
[
1 + vcos
(
2π
Λ
z + φ(z)
)]
(5.1)
where δneff (z) is the average index change over a single period as a function of
propagation distance z along the grating, v is the visibility of the of perturbation
(v ≤ 1), Λ is the period of the perturbation, and φ(z) describes the change in the
grating’s period as a function of z, also known as the grating’s chirp. For now, we
will assume the grating is not chirped (chirped gratings are discussed in Sec. 5.1.5);
accordingly the φ(z) term can be neglected and δneff (z) becomes a constant. As
a further simplification, we assume the inscribed perturbation is uniform across the
entire fiber core and does not exist outside the core, thus the average change in index
is effectively just a change in the core index: δneff ∼ δco.
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The fields of the initial (E1) and target modes (E2) propagating in the fiber are
given by
E1(x, y, t) = A1(z)~e1(x, y)e
−i(β1z−ωt) (5.2a)
E2(x, y, t) = A2(z)~e2(x, y)e
−i(β2z−ωt) (5.2b)
where ω is the center frequency, t is time, β1 and β2 are the propagation constants
for the modes (where βm = ωn
(m)
eff/c), and ~e1 and ~e2 are the transverse fields for each
mode. A1 and A2, are the z-dependent amplitudes of each wave. The propagation
constants for each mode are proportional to the momentum of the photons in that
mode. Accordingly, the mismatch in phase between the propagation constants must
be compensated by the grating in order to conserve momentum. This relationship is
defined by the detuning parameter δ, given by
δ = β2 − β1 + 2π
Λ
(5.3)
When the δ is far from zero, coupling is not phase-matched and will not occur with
appreciable strength. The case where δ is exactly zero will occur for some wavelength
λD, referred to as the “design wavelength,” and given by λD = ∆neffΛ. This rela-
tionship between design wavelength and grating period defines the phase matching
curve (PMC) for the grating. PMCs allow for an estimation of the actual center
wavelength for the device for a given inscription period Λ, though it will be shown
later that the strength of the index perturbation will effectively modify the detuning,
and thus change the exact resonance wavelength. An example PMC for the LP0,14
mode in a standard transmission fiber (Corning HI1060) is shown in Fig. 5·2(a).
The slope of the PMC also gives insight into the bandwidth of the grating. If the
slope is steep, than the detuning will increase rapidly around the design wavelength,
and accordingly, the resonance will be narrow-band. If the slope is shallow, the
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grating will have a wide bandwidth. In special cases, the gradient of the PMC can
actually approach zero. At these zero-gradient turn-around points (TAPs), gratings
with hundreds of nanometers of bandwidth can be fabricated (discussed further in
Sec. 5.1.4).
Figure 5·2: (a) Sample simulated phase-matching curve for the LP0,14
mode in Corning HI1060 fiber. (b) Experimental grating spectrum for
conversion to the LP0,14 mode in Corning HI1060 fiber as a function of
increased index change in the fiber core. Data courtesy of Boyin Tai.
The change in amplitude for the initial and target modes can be solved analyti-
cally with the key assumption that all non-phase-matched coupling is ignored. This
assumption, often referred to as the “synchronous approximation,” is valid because
in the absence of phase matching, coupling between two modes results in rapid os-
cillation that does not grow appreciably (Yariv, 1973). Ignoring these oscillations
is essentially equivalent to making the slowly varying envelope approximation, as
discussed in Sec. 3.1 (Agrawal, 2001; Kashyap, 1999). Under the synchronous ap-
proximation, expressions for each wave’s amplitude can be found:
dA1
dz
= iσˆ
[
A1e
−i(σ11+σ22)z/2eiδz
]
+ iκ
[
A2e
−i(σ11+σ22)z/2e−iδz
]
(5.4a)
dA2
dz
= −iσˆ [A2e−i(σ11+σ22)z/2e−iδz]+ iκ∗ [A1e−i(σ11+σ22)z/2eiδz] (5.4b)
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where σˆ is referred to as the “DC” coupling coefficient given by σˆ = δ+(σ11−σ22)/2,
κ is referred to as the “AC” coupling efficient, given by κ = v/2 · σ12, where the
coupling coefficient σkj between modes k and j is given by
σkj(z) =
ωnco
2
δnco(z)
∫∫
core
dx dy ~ek(x, y) · ~e ∗j (x, y) (5.5)
The DC coefficient describes the perturbation’s effect on each of the modes separately,
and the AC coefficient describes the strength of the coupling between the modes.
The differential equations Eq. (5.4a) and Eq. (5.4b) can be solved using the initial
condition that all power resides in the fundamental mode prior to the grating (A1(0) =
1, A2(0) = 0). Expressions for the residual power in the fundamental mode, defined as
t= = |A1(z)/A1(0)|2, and the power coupled to the target mode, t× = |A2(z)/A1(0)|2
are given by
t= = cos
2(
√
κ2 + σˆ2 · z) + 1
1 + κ
2
σˆ2
sin2(
√
κ2 + σˆ2 · z) (5.6a)
t× =
1
1 + σˆ
2
κ2
sin2(
√
κ2 + σˆ2 · z) (5.6b)
The form of the cross coupling expression t× can be described by a sinc function.
The DC coupling coefficient σˆ incorporates the detuning parameter δ, and is thus
strongly wavelength dependent, whereas the coefficient κ is largely wavelength invari-
ant. Coupling will be strongest for the case where σˆ = 0, therefore the self-coupling
coefficients σ11 and σ22 serve to modify the detuning and change the wavelength of
the grating resonance, as mentioned above. The self-coupling coefficients are directly
proportional to the change in the core index, thus as the index perturbation grows
stronger, δ must take on increasingly negative values to compensate, and thus the
grating’s wavelength shifts. The PMC for the grating is proportional to δ and can thus
determine the direction the grating will shift – if the PMC has a positive slope (as is
101
the case for the PMC in Fig. 5·2), then the resonance will shift to longer wavelengths
as the perturbation strength is increased.
The coupling strength of the grating at the center wavelength is given by sin2(κL),
where L is the length of the grating, thus strongest coupling will occur when κL = π/2.
The sin2 function is oscillatory, so accordingly, if κL > π/2, the coupling strength
will decrease. This condition is known as over-coupling, and the case where κL < π/2
is referred to as under-coupling. Fig. 5·2(b) shows an example of grating spectra as
a function of index change, and thus κ. LPGs are measured such that the converted
mode is stripped from the fiber and manifests as loss (described further in the next
section), thus the spectrum (typically shown on a log scale) is given by 1 − t×(λ).
Note that as κ increases, the grating grows stronger and the resonance shifts to longer
wavelengths, in keeping with the PMC for the grating (Fig. 5·2(a)).
5.1.2 Inscription and characterization
The LPGs fabricated in our laboratory are created via point-by-point inscription with
a UV laser. The UV light interacts with the photo-sensitive germanium in the core of
the fiber to raise the refractive index (Hill et al., 1993). Only the core has germanium
content (for typical fiber designs), so the perturbation only effects the core. Total
UV absorption through the fiber is minimal, so it is valid to assume the resulting
refractive index change is uniform across the transverse profile of the core. The UV-
germanium interaction can be further catalyzed by dissolving hydrogen gas into the
fiber. To this end, the fibers are “hydrogen loaded” by exposing them to 2700 PSI of
pressure from hydrogen gas for a period of 72 hours. The loaded fibers are kept in a
freezer to maintain the dissolved hydrogen prior to grating inscription.
Gratings are inscribed using the setup shown in Fig. 5·3. The grating sample
is prepared by stripping the jacket from the fiber by immersing it in a 9:1 solution
of Sulfuric and Nitric acid heated to 350◦F. The stripped sample is mounted on
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Figure 5·3: Schematic of the laboratory setup for inscribing long-
period gratings. A schematic of the beam profile is inset showing that
the beam is oval rather than circular. The beam is approximately 8 µm
along the axis of the fiber.
a computer controlled translation stage (Aerotech ANT180-360-L). UV radiation is
generated by an argon ion laser (Coherent MotoFRED, λ = 244 nm) with 100 mW
of continuous-wave (CW) output power. The light is focused onto the sample with
a pair of cylindrical lenses oriented in the horizontal and vertical directions. The
horizontal 1/e2 width (coaligned with the propagation axis of the fiber) of the beam
is ∼8 µm. The vertical extent is much larger so that the fiber core is uniformly
illuminated in the transverse plane. The sample is translated at a constant velocity
and a computer-controlled mechanical shutter (Uniblitz LS6T2) turns the beam on
and off, creating the periodic index perturbation. The velocity with which the sample
is translated determines the UV dosage, which is proportional to the refractive index
change δnco, and thus the coupling strength κ. For a given velocity of the stage,
the on and off commands for the shutter can be timed to create any desired grating
period (provided the period is larger than the 8 µm beam size).
Once the grating is written, it is placed in an oven at 180◦C for a period of
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∼12 hours. The UV-induced index change is initially unstable at room temperatures.
Exposing the grating to high temperature, a process known as annealing, removes
some of the index change from the inscription process and stabilizes the grating.
The gratings are therefore written intentionally over-coupled so that the removal of
index change from the annealing process leads to a grating with the deepest possible
resonance.
Figure 5·4: Schematic of the laboratory setup used for characterizing
long-period grating spectra.
Grating characterization is facilitated using the setup shown in Fig. 5·4. A broad-
band source, typically a light emitting diode (LED), is coupled to a SMF and spliced
to the sample fiber. The LPG converts the fundamental mode to the target HOM.
A second SMF is spliced after the LPG which acts as a mode filter to remove all
power in HOMs. Accordingly, the spectrum measured on the optical spectrum an-
alyzer (OSA) (and normalized for the spectrum of the input source) has the form
1− t× (as defined by Eq. (5.6b) above). Higher conversion corresponds to increased
transmission loss. Typically, LPG spectra can exhibit losses > 30 dB at the resonance
wavelength, corresponding to >99.9% conversion.
For fine tuning of the resonance, controlled high temperature annealing can be em-
ployed. After overnight exposure in the oven at 180 ◦C, the grating is stable for room
temperature conditions. However, exposure to even more heat can further anneal
the grating and decrease the AC and DC coupling strength. Typically, short bursts
of 1-2 seconds at ∼200◦C can controllably anneal the grating while the spectrum is
measured in real time. If the grating is written such that is intentionally over-coupled
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even after overnight annealing, high temperature annealing allows precise control of
the grating depth. In addition, annealing the grating will reduce DC coupling, and
shift the resonance wavelength, as discussed in the theory section (Sec. 5.1.1). Anneal-
ing only allows tuning the wavelength in one direction (determined by the gradient
of the PMC), and the grating strength will also change as the grating is annealed.
Nonetheless, annealing allows for optimization of grating characteristics and increase
in LPG fabrication yield.
5.1.3 Multi-path interference and mode stripping
Mode conversion and characterization of LPGs are predicated on a lack of HOM
content prior to the grating, and the necessity for the second SMF splice to entirely
remove all HOM content from the system, leaving only the fundamental mode. At
the second splice point, residual power in the fundamental mode will couple to the
SMF with relatively high efficiency (depending on the fundamental mode mismatch
between the fibers). However, HOMs in the grating fiber can also have a non-zero
overlap with the fundamental mode in the SMF. As a result, there will be a relative
delay between power in the SMF from photons that traveled in the fundamental
mode of the sample fiber, and power in the SMF from photons that traveled in some
HOM in the sample fiber, giving rise to multi-path interference (MPI) in the grating
spectrum (Sec. 2.3).
Fig. 5·5 shows an example LPG grating spectrum with significant MPI from un-
mitigated HOM content. The sinc2 form of the grating spectrum has been corrupted
by interference; thus the grating depth and center wavelength cannot be accurately de-
termined, disrupting the feedback loop necessary for optimizing these devices. There-
fore, it is necessary to strip all HOM content from the fiber prior to measuring the
grating spectrum.
One common type of grating is the “cladding mode grating,” where the LPG has
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Figure 5·5: Example grating spectrum for the case where MPI has
not been properly mitigated.
been inscribed in the core of a single-mode fiber. In these devices, the act of stripping
the high-index polymer jacket has created an interface between the cladding and
ambient air, which can act as a guiding region for cladding modes. Stripping HOMs
from these devices is trivial given that the guiding region only exists where the jacket
has been stripped – after the stripped region, all HOM content is no longer guided
and is lost. Thus MPI is not a significant consideration for cladding mode gratings.
Cladding mode gratings are typically used as filters and sensors, but if the sample
is cleaved in the stripped region, after the grating, then they can be used to excite
HOMs in free-space.
In intentionally multi-mode or double-clad fibers, avoiding MPI is significantly
more difficult. HOM guidance is defined by a glass-glass interface within these fibers,
so removing the jacket will have no effect. A few other techniques can be used to strip
HOMs, however. If the fiber is close to the single-mode condition and only guides a few
HOMs, then an adiabatic taper can be used as a mode stripper. The diameter of the
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fiber at the waist of the taper is chosen such that only the fundamental mode is guided.
The transition from the waist of the taper back up to the initial outer diameter (OD)
is gradual and adiabatic, so the remaining power in the fundamental mode is not
coupled to other modes; thus HOM content is effectively removed. Provided that the
waist region of the taper is not too narrow in diameter, tapers can be fabricated for
low fundamental mode loss.
Etching is another method for removing HOM content, particularly useful for
double-clad fibers. By exposing the fiber to a corrosive chemical, typically hydroflu-
oric acid, glass can be removed from the outer edge. Using this technique, the en-
tire outer cladding of the fiber can be removed, leaving only the core and the inner
cladding. As with cladding mode gratings, the bare inner cladding will still guide
HOMs due to the air-glass interface, however, if the etched region is immersed in oil
or gel with a refractive index matching the inner cladding, then the guiding boundary
is removed and light in the inner cladding will leak out into the surrounding fluid –
effectively stripping all HOMs.
5.1.4 Turn-around point gratings
A turn-around point grating is a grating written for a mode at a wavelength where
the PMC has a point with zero gradient such that d(n
(0,1)
eff − n(0,m)eff )/dλ → 0. So
called turn-around points allow for broad conversion bandwidths because the grating
detuning (δ) stays constant for a large wavelength range. Fig. 5·6(a) shows the
simulated PMC for a standard transmission fiber (Corning HI1060) as a function of
mode order for the LP0,11 (black line) through LP0,17 (red line) modes – note that
LP0,17 has a TAP at approximately 1080 nm. Fig. 5·6(b) shows a simulation of a
grating spectrum for the LP0,17 mode (red line) at the TAP. The 20-dB bandwidth
of the device is 61 nm, as compared to a device written for the LP0,13 mode at the
same wavelength (blue line), which has a 20-dB bandwidth of 4 nm. TAP gratings
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are useful for bandwidth intensive applications. For example, an erbium-doped HOM
fiber amplifier has been demonstrated, where the signal at 1550 nm and the pump
at 1480 nm are both converted to the target LP0,11 mode with a single TAP grating
with a 20-dB bandwidth of roughly 150 nm (Nicholson et al., 2012).
Figure 5·6: (a) Phase matching curves as a function of wavelength
and mode order for the LP0,11 (black line) through LP0,17 (red line)
modes in Corning HI1060 fiber. (b) Simulated grating spectra for the
LP0,17 (red line) and LP0,13 modes in Corning HI1060 fiber.
There are some difficulties in handling TAP gratings, however. Because the gra-
dient of the PMC is so slight, small changes in grating, such as heating or bending,
can massively change the resonance. Perturbations to the grating can effectively be
modeled by shifting the PMC up or down along the y axis. If the grating is sitting
exactly at the TAP, then a perturbation could cause the PMC to shift down, and the
resonance would disappear. Or, if the PMC effectively shifts up, then the resonance
can split in two. This effect has been used to “turn on” and “turn off” mode conver-
sion in tunable HOM dispersion compensation modules (Ramachandran, 2005). For
static mode conversion applications care must be taken to keep the grating straight
with a fixed amount of tension and free from exposure to significant temperature
changes or other environmental factors.
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Figure 5·7: Phase-matching curves for the LP0,17 mode in Corning
HI1060 fiber as a function of the fiber’s outer diameter (OD). OD =
125 µm (red line) corresponds to the unaltered fiber, subsequent plots
show decreased diameter (in 2 µm intervals) as more material is re-
moved from the fiber.
A TAP is a property of the modes in a fiber with a given index profile, and
will thus happen for fixed modes at fixed wavelengths. These devices are suitable
for applications where the center of the conversion bandwidth or the target mode
can be flexible. The TAP can be moved slightly in wavelength by modifying the
refractive index of the fiber. Etching the guiding region can be used to move the
TAP in a sample where an LPG has already been fabricated. By monitoring the
grating spectrum in real time as the device is being etched, the TAP can be moved
to the desired wavelength. Fig. 5·7 shows PMCs for the LP0,17 mode in standard
transmission fiber (Corning HI1060) as function of cladding diameter. Shrinking the
diameter of the fiber causes the TAP to move towards lower wavelengths.
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5.1.5 Chirped gratings
A chirped grating is any LPG where the index perturbation is not uniform across
the length of the device. These devices can be useful for generating large conversion
bandwidths in fiber devices where a TAP point is not available or desired. As an
aside, these devices can also impart significant group velocity dispersion for relatively
short device lengths, making them of interest for fiber dispersion compensation in
ultrafast laser cavities (He et al., 2017).
Fig. 5·8 shows a few examples of how chirp can be induced, including linear
increase in the (a) induced index change in the core (δnco), (b) the average DC index
change (δnco), or (c) the grating period (Λ) as a function of grating length. All of
these methods effectively modify the detuning over the device length, and thus change
the bandwidth characteristics of the grating. In our experiments, we found that a
period chirping scheme as shown in Fig. 5·8(c) was the most feasible mechanism for
producing broadband LPGs. Heuristically, one can think of a period-chirped LPG
as a series of concatenated gratings, each with a different center wavelength. The
resulting amalgam spectrum has a broader bandwidth from the sum of each of its
constituent gratings.
Figure 5·8: Various schemes for chirping a long-period grating. (a)
Length-dependent depth of index modulation (δnco(z)). (b) Length-
dependent average index change (δnco(z)). (c) Length-dependent grat-
ing period (Λ(z)).
To rigorously model mode coupling in a chirped device, we must adjust the for-
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malism to account for the changing grating period. The grating period, the detuning,
and thus the design wavelength are changing along the grating. The design wave-
length as a function of length is given by λD(z) = λD,0 + C(z − L/2), where λD,0 is
the nominal design wavelength, z is the propagation distance, L is the grating length,
and C is the chirp parameter given by ∆λD/L, where ∆λD is the total change in the
design wavelength. In this limit the DC coupling coefficient is given by
σˆ0(z) = δ0 +
σ11 − σ22
2
+ π∆neff
C · z
λ2D,0
(5.7)
where δ0 is the nominal detuning. The first two terms are present in the length-
invariant form of σˆ0. The third term effectively adjusts the grating detuning as a
function of length.
There are several strategies for solving the coupled mode equations with length-
dependent detuning. App. C includes a discussion of the transfer matrix method for
solving these equations, which can be implemented numerically to simulate chirped
grating designs. Fig. 5·9(a) shows simulations of grating spectra for a chirped grating
designed for coupling to the LP0,6 mode in a transmission fiber (OFS TrueWave RS).
The total change in period ∆Λ = 17.1 µm, L = 3.45 cm, λD = 1280 nm, and κ is
increased in multiples of π/2. The evolution of the grating spectrum is significantly
different than a typical grating. In order to achieve a large conversion bandwidth, the
grating requires more than double the coupling strength of an un-chirped device. Two
hallmarks of chirped grating spectra are evident in these simulations: (1) the nulls
between the main resonance and the side lobes never reaches zero (this is particularly
evident for κL = π/2 in the figure); and (2) the grating response is asymmetric about
the center wavelength (particularly evident for κ = 2.2·π/2 and 2.4·π/2). Fig. 5·9(b)
shows a fabricated grating in the same fiber (∆Λ = 11.5 µm, L = 3.45 nm) with a
20-dB bandwidth of 11 nm.
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Figure 5·9: (a) Simulated grating spectra as a function of κ for OFS
TrueWave RS fiber (∆Λ = 17.1 µm, L = 3.45 cm, λD = 1280 nm). (b)
Fabricated grating in TrueWave RS fiber, ∆Λ = 10 µm, L = 3.45 cm,
Λ0 = 345 µm.
5.2 Fiber modes in free space
As discussed in Sec. 2.1, the LP0,m modes in a step-index fiber have solutions of
the form J0(kT r) within the guiding region, where the transverse wavevector kT =
k20n
2
1− β2, k0 = 2π/λ, n1 is the refractive index of the core, and β is the propagation
constant for the mode. Given that these modes evanescently decay outside of the
guiding region, they are effectively truncated Bessel beams (Durnin, 1987). We have
previously shown that despite this truncation, LP0,m modes have similar properties to
free-space Bessel beams, including self-healing and diffraction-resistant propagation
(Steinvurzel et al., 2011). It follows that many of the techniques used to excite Bessel
beams in free space apply to exciting Bessel-like fiber modes.
Bessel beams have a few key properties to consider in the context of this work. In
the simplest model, a Bessel beam can be described by two plane waves interfering
on a cone. The angle of said cone is given by θ ≈ kT/β, and thus increases with
radial mode order. An axicon is a conical lens that creates this condition of conical
interference for an input plane wave (Mcleod, 1954; McGloin and Dholakia, 2005), so
it follows that there is a relationship between the angle of the axicon and the mode
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order one aims to excite.
Bessel beams are real, oscillatory functions with phase that can only take on
binary values of 0 or π (Sec. 2.1). This suggests that simple phase elements, such as
BPPs may be capable of imparting phase which matches that of an intended fiber
mode. A final consideration is that the envelope of a J0 Bessel function falls off as
(πkT r/2)
−1/2 (Abramowitz and Stegun, 1965) and is thus significantly different from
that of a Gaussian beam. As a result, we expect the lack of overlap between these
two functions to pose a fundamental limit for conversion efficiency and loss for free
space excitation of fiber modes.
These limitations are only expected for systems that use a single phase plate, how-
ever. It is well known that a beam’s amplitude and phase can be arbitrarily sculpted
using multiple complex phase plates separated by a propagation distance, and this
method has been applied to exciting modes in ribbon fibers (Sridharan et al., 2012).
There is a cost associated with using such a scheme, however; the necessary phase
structures are often very complex, requiring phase retrieval algorithms (Gerchberg
and Saxton, 1972; Fienup, 1982) for design, and a computer-controlled means such
as a spatial light modulator (SLM) to implement them. Here, we use SLMs to im-
plement phase structures only for convenience – all of the structures used are simple
enough that they could be fabricated on a dielectric material. This ensures that
these schemes are still compatible with applications at powers above the tolerance of
a SLM.
5.3 Free space input coupling
In order to efficiently excite HOMs, we modify the phase of an incoming Gaussian
beam using a SLM (Hamamatsu X10468-08), and then image the beam into the
fiber under test (FUT) at some plane where it most strongly resembles the target
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mode. Fig. 5·10(a) and (b), show the setups used for exciting modes with a BPP
and an axicon, respectively. The light source is an external cavity diode laser (ECL,
∼100 kHz linewidth, λ = 1050 nm). The beam is horizontally polarized (the preferred
orientation of the liquid crystals on the SLM), and imaged onto the surface of the
SLM (1/e2 width is 3.3 mm).
The BPP programmed onto the SLM imparts concentric rings of zero and π phase
onto the Gaussian beam, with phase reversals positioned such that they match the
phase of the target mode. The structured beam is then imaged into the FUT. For
this coupling system, the hologram on the SLM combines a BPP tailored to the LP0,9
mode in the FUT (diameter = 3.8 mm), and a parabolic phase profile corresponding
to a lens of focal length f = 465 mm. The lens on the SLM works in conjunction
with a physical lens f1 (f = 8 mm) to image the beam into the FUT (magnification
M = 75.2). In the far field of the lens on the SLM (inset Fig. 5·10(a)), the intensity
profile of the beam is a ring, reminiscent of the far field of a Bessel beam.
An axicon can be thought of as a conical lens (Mcleod, 1954; McGloin and Dho-
lakia, 2005), and accordingly has an effective focal length, faxicon. In the focal plane
of the axicon, the input Gaussian beam becomes a Bessel-Gaussian beam of the form
ψ(r) = J0(κr)e
−(r/Wz)2 , where the spatial frequency κ is given by κ = k0α(n − 1), n
is the refractive index of the axicon, r is the radial coordinate, α is the base angle of
the axicon, and Wz is the 1/e beam width of the field at the focal plane. The spatial
frequency of the Bessel-Gauss beam in free space must match the spatial frequency
of the target mode such that κM = kt, where M is the magnification of an imaging
system used to relay the beam in the FUT, kt is the transverse wave vector of the
mode. Assuming the mode is well-guided, this relation can be approximated by en-
suring that the mth zero of the truncated Bessel function J0(m), corresponding to the
approximate width of the LP0,m mode, coincides with the cladding radius, Rc, when
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imaged onto the fiber facet with some magnification M . This condition leads to the
relation
α =
J
(m)
0
k0(n− 1)RcM (5.8)
Thus the axicon angle α for an imaging magnification M is proportional to mode
order. Since axicon angle is analogous to the curvature of a lens, it follows that the
axicon focal length, faxicon, is also proportional to α. Ray optics would suggest that
faxicon is given by half the Rayleigh range (zR = W0/(n − 1)α where W0 is the 1/e
amplitude width of the incident Gaussian beam), but beam propagation simulations
show that the field is best described by a Bessel-Gauss beam for a length faxicon =
0.64·zR. The input Gaussian beam size W0 has consequences for coupling loss and
mode purity, and is discussed further below.
The axicon input coupling setup is shown in Fig. 5·10(b). The SLM is programmed
with a conical phase profile corresponding to a physical axicon with angle α = 0.787 ◦.
In the focal plane of the axicon, the intensity profile of the beam corresponds to a
Bessel-Gaussian distribution as expected (left inset Fig. 5·10(b)). Lenses f2 (f =
200 mm) and f1 (f = 6 mm) are used as a telescope to image this plane into the
FUT (measured magnification M= 33.9). In the far field of f2, the beam resembles
the far field of a Bessel beam.
The key difference between the BPP and axicon setups is the plane being imaged
into the fiber. In the binary case, the beam has highest overlap with the target mode
in the plane where the binary phase is applied, and accordingly the system is designed
such that the surface of the SLM is conjugated to the FUT. In the axicon case, the
beam must propagate a certain focal length before it becomes a Bessel-Gauss beam
and correspondingly has high overlap with the target mode; therefore, the telescope
must image the axicon’s focal plane. For the binary case, the image plane is static
even as the phase plate is changed and arbitrary modes can be excited by changing
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Figure 5·10: (a) Binary phase plate (BPP) input coupling setup. SLM
phase profile includes a BPP designed for LP0,9 (diameter = 3.8 mm)
and a lens (f = 465 mm). The mode in the far field of the SLM is shown
inset (contrast and brightness enhanced for visibility). (b) Axicon input
coupling setup. The setup upstream of the SLM is identical to (a). SLM
phase profile is an axicon with angle α = 0.787 ◦. Bessel-Gauss beam
in the focal plane of the axicon and the beam in the focal plane of lens
f2 are shown inset (contrast and brightness enhanced for visibility). (c)
Facet image of the FUT. (d) Refractive index profile of the FUT. Modal
purity is characterized via fC2 (Chap. 4). Reproduced from Fig. 1 in
(Demas et al., 2015).
the phase plate with no need for realignment of the system. In the axicon case, the
angle must be adjusted to match the spatial frequency of the target mode (Eq. (5.8)),
but changing this angle also changes the focal length of the axicon and thus the
system must be realigned. Note that a single axicon with fixed α can be used to
excite arbitrary LP0,m modes with high purity, however M and W0 must be adjusted
to excite each target mode.
The FUT employed for these experiments is 1.4 m of the step-index fiber (Sec. 6.1.2),
which guides the first ten LP0,m modes for the wavelength range considered in these
experiments (λ ∼ 1050 nm). An image of the fiber facet and the refractive index
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profile are shown in Fig. 5·10(c) and (d), respectively.
Fig. 5·11 shows the simulated performance of the axicon and BPP coupling sys-
tems. The electric field profiles for modes in the FUT were calculated using the scalar
modesolver described in App. A, and the beam in the focal plane of the axicon was
simulated with the Fresnel-regime propagator descrined in App. B. The two key met-
rics for input coupling are loss and coupling purity. To examine loss, we calculate the
overlap integral, η0,m, between the incident field, ψi(r, φ), and the simulated profile
of the target mode, ψ0,m(r, φ).
η0,m =
∣∣∫∫ r dr dφ ψ∗i (r, φ)ψ0,m(r, φ)∣∣2∫∫
r dr dφ |ψi(r, φ)|2
∫∫
r dr dφ |ψ0,m(r, φ)|2 (5.9)
where φ is the azimuthal spatial coordinate. The overlap represents the fraction of
the incident intensity coupled to the target mode. The remaining intensity is either
lost to radiation modes (Sec. 2.1) or coupled to other parasitic modes in the fiber
which in turn cause MPI (Sec. 2.3). We define the MPI between the target LP0,m
mode and some parasitic LP0,n mode as 10 log(η0,n/η0,m).
Fig. 5·11(a) shows the simulated electric field profile incident on the facet of the
fiber under test (FUT) (red) for a BPP-based coupling system. The phase reversals
of the converted mode match those of the target LP0,9 mode (green), resulting in a
74.0% overlap between the modes. Fig. 5·11(b) shows the MPI between the target
mode and all other LP0,m modes in the fiber. The most parasitic mode is LP0,7 which
is suppressed by 16 dB. It should be noted that in the absence of an assumed tilt on
the incoming beam, MPI between the target mode and higher order angular modes
(LPl,m, l 6= 0) is infinite because the overlap integral (Eq. (5.9)) is exactly zero. The
observation of higher order angular states in experiments corresponds to imperfect
alignment of the system, as demonstrated in Sec. 4.6.
Fig. 5·11(c) shows the simulated electric field profile (blue) at the focal plane of
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Figure 5·11: Input coupling simulations; (a) Comparison of the sim-
ulated electric fields for a Gaussian beam converted by a BPP and the
target LP0,9 mode. (b) MPI as a function of mode order for the mode
converted by BPP. (c) Comparison of the simulated electric fields for a
Gaussian beam converted by an axicon and the target LP0,9 mode. (d)
Simulated MPI as a function of mode order for axicon conversion. (e)
Simulated overlap between the converted and target modes as a func-
tion of normalized Gaussian width for binary (red) and axicon (blue)
conversion. (f) Incoherent sum of simulated MPI to all parasitic modes
as a function of normalized Gaussian width for binary (red) and axicon
(blue) conversion; Dashed red and blue lines in (e) and (f) are optimal
widths which correspond to those used for the simulations in (a), (b),
(c) and (d). Reproduced from Fig. 2 in (Demas et al., 2015).
an axicon coupling system, along with that of the target LP0,9 mode. The phase
reversals are in sync, though we can see that the envelope of the Bessel-Gauss beam
extends beyond the target mode. Despite this fact, the overlap between the two is
83.5%. MPI as a function of mode order is shown in Fig. 5·11(d). The most parasitic
mode is LP0,8, which is suppressed by 16.1 dB.
Fig. 5·11(e) shows the impact of the simulated Gaussian beam size W0 on the
performance of the both coupling systems. In the BPP case (red lines), there is
a clear local maximum in overlap (η0,9 = 74%) when W0 = 0.83 · Rc ·M , which is
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marked with a dashed red line in Fig. 5·11(e). The simulations in Fig. 5·11(a) and (b)
correspond to this optimal point. Fig. 5·11(f) shows an incoherent sum of the total
parasitic mode content in the fiber, the “sum MPI,” for a given input size. Coherent
crosstalk between the modes is neglected in these simulations, however, it should be
noted that in real systems, coherence between the ensemble of the modes in the fiber
can cause fluctuations in the output beam profile and hot spots in the FUT which
may be problematic for some applications (Ramachandran et al., 2003b; Wielandy,
2007). While ignoring these effects does not give a full picture of the behavior of
the system when in operation, it does allow us to quantify and optimize the total
parasitic mode content.
In the binary case (red line), the sum MPI has a local minimum (−14.5 dB) which
is nearly coincident with the maximum overlap in Fig. 5·11(e). For the experimental
setup, W0 = 1.65 mm, and Rc ·M = 1.9 mm, corresponding to a normalized width
of 0.87.
In the axicon case (blue), the overlap has a local maximum, but there is no mini-
mum in the sum MPI. Instead, it monotonically decreases with increasing Gaussian
width. In the limit where Wz is larger than Rc ·M , the Gaussian envelope is ap-
proximately a plane wave and the beam approaches a true Bessel-beam, leading to
maximum overlap with the target mode, and low MPI. In this limit, however, a large
portion of the power is not collected by the FUT, and coupling efficiency decreases
drastically. This poses an interesting tradeoff between loss and MPI for axicon cou-
pling (which is not present in the BPP case). We choose W0 = 2Rc · M as the
operation point (dashed blue lines in both figures) as it is near the maximum over-
lap and the parasitic mode suppression at this point (Fig. 5·11(d)) is comparable to
the BPP case. In the axicon experiments, W0 = 1.65 mm, and Rc ·M = 0.82 mm,
corresponding to a normalized width of 2.01.
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We quantify parasitic mode content using a polarization-resolved variant of frequency-
domain cross-correlation imaging (fC2) (discussed in Chap. 4). The sweep bandwidth
for these measurements is 10 nm and the center wavelength is 1050 nm.
Figure 5·12: (a) Sample fC2 trace for BPP excitation of LP0,9. (b)
LP0,9 mode image for BPP excitation, contrast and brightness enhanced
for visibility. (c) Sample fC2 trace for axicon excitation of LP0,9. (d)
LP0,9 mode image for axicon excitation, contrast and brightness en-
hanced for visibility. Reproduced from Fig. 3 in (Demas et al., 2015).
Fig. 5·12(a) shows a fC2 trace and mode image (b) for BPP excitation of LP0,9. The
large peak in each fC2 trace at 15.8 ps corresponds to the target LP0,9 mode, and
surrounding peaks correspond to parasitic modes. There are some spurious peaks in
each data set which we believe correspond to a Fabry-Perot reflection from the camera
cover glass (peaks at 2.2 and 2.9 ps), a back reflection (22.4 ps), and a mode-hopping
frequency from the ECL (26.0 ps). The parasitic suppression for this measurement
is 16.5 dB, and the most parasitic mode is LP0,7, as predicted by the simulations
(Fig. 5·11(b)).
An fC2 measurement and mode image for axicon excitation of the LP0,9 mode are
shown in Fig. 5·12(c) and (d) respectively. Here, the parasitic suppression is 17.1 dB
and the most parasitic mode is LP0,8 in agreement with the simulations (Fig. 5·11(d)).
The component losses for the system were measured to form a power budget. The
SLM comprises a significant portion of the loss (1.1 dB for BPP coupling, 1.3 dB for
axicon coupling) partially due to imperfect reflection from the broadband coating,
and partially due to imperfect diffraction efficiency. For loss sensitive applications,
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both BPPs and axicons can be fabricated as fixed optics with anti-reflection coatings,
entirely removing this loss from the system.
The coupling loss, as measured from after the SLM to after the FUT, is 1.8 dB for
the BPP case and 2.9 dB for the axicon case. Each input coupling setup was optimized
to increase mode purity rather than coupling efficiency, and we expect that the loss
could be reduced with further optimization, particularly for the axicon case. There
is a small loss due to the polarizer at the end of the FUT, primarily due to insertion
loss, but also due to any degradation of the polarization extinction ratio (PER) of
the beam exiting the fiber. PER, defined as the maximum extinction ratio between
orthogonal polarizations of the beam, can be influenced by parasitic mode content
in the FUT as the polarization state of different modes evolve differently along the
length of the fiber and thus are not necessarily co-polarized at the output. For the
excitation schemes considered here, the PER is > 10 dB, thus the loss measured
before and after the polarizer (1.2 dB for the BPP case, 1.0 dB for the axicon) is
mostly due to the insertion loss of the polarizer itself.
Fig. 5·13 shows the alignment tolerances for the BPP and axicon input coupling
setups. In Fig. 5·13(a), parasitic mode suppression (measured via fC2) is shown as a
function of the size of the BPP. Changing the size from the ideal point causes parasitic
coupling to the neighboring LP0,10 and LP0,8 modes. Mode images for different BPP
sizes are inset in the figure (contrast and brightness enhanced for visibility). Even
in the extreme cases where the parasitic modes are not suppressed at all, the mode
profile still contains a center spot and 8 rings, highlighting the importance of mode
purity measurement techniques such as fC2 for accurately determining parasitic mode
content. From the data, the tolerance for phase plate size is roughly ±1% without
significant (< 3 dB) degradation of the parasitic mode suppression.
In Fig. 5·13(b), the FUT is intentionally offset from the coupling lens and fC2
121
Figure 5·13: Parasitic mode suppression as measured by fC2 imaging
for various changes to the system alignment. Mode images for different
conditions inset, contrast and brightness enhanced for visibility. (a)
Suppression as a function of BPP size. (b) Suppression as a function
of FUT offset with respect to the coupling lens for BPP excitation. (c)
Suppression as a function of axicon angle; (d) Suppression as a function
of FUT offset for axicon excitation. Reproduced from Fig. 4 in (Demas
et al., 2015).
measurements are made for the BPP input coupling case. The most parasitic modes
as the system is misaligned are LP1,8 and LP1,9 due to the effective tilt imparted by
offsetting the FUT. The tolerance to alignment for an MPI degradation of ∼3 dB, is
±0.3 µm.
Fig. 5·13 (c) shows parasitic mode suppression as a function of axicon angle. The
most parasitic modes are LP0,8 and LP0,10 as the angle deviates from the optimum
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value. The angle tolerance is roughly±1%, as with the binary case, without significant
(∼3 dB) MPI degradation. Offset alignment tolerance is measured for the axicon case
in the same fashion as for the BPP case (Fig. 5·13(d)). Comparing the two, the axicon
is slightly more sensitive to offset misalignment than the phase plate.
5.4 Free space output coupling
Both the BPP and axicon coupling setups are reciprocal, meaning that a HOM sent
backward through either system should be converted to a near-Gaussian beam. We
therefore continue to use the BPP and axicon setups discussed in the previous section
to excite the LP0,9 mode, and build the respective reciprocal systems after the FUT to
convert the mode back into a Gaussian beam. The output coupling setups are nearly
identical to those shown in Fig. 5·10, with the difference being that the physical lens
f2 in the axicon coupling setup (Fig. 5·10(b)) is replaced by a lens on the SLM itself.
For the BPP output coupling setup, the LP0,9 mode exiting the FUT is horizontally
polarized with a quarter-wave plate, a half-wave plate, and a polarizer, and then
imaged onto a second SLM (Hamamatsu X10468-07). The hologram on the SLM
combines a LP0,9 BPP (diameter = 4.12 mm), and a lens (f = 540 mm). The
axicon output coupling setup uses the same polarization optics, but the image plane
is prior to the SLM at a distance corresponding to the focal length of the axicon.
The hologram in this case combines an axicon with angle α = 0.6◦ and a lens (f =
310 mm).
To assess the efficiency of Gaussian reconversion we measure theM2 beam quality
parameter (Siegman, 1998) of the reconverted beam, as discussed in Sec. 4.1.2. A
perfectly Gaussian beam corresponds to M2 = 1, however, if the beam has increased
spatial structure (i.e. surrounding rings or intensity nulls), then it will diffract faster
than an equally-sized Gaussian beam, and accordingly the M2 will increase.
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Fig. 5·14 shows simulations of the performance of the output coupling systems.
In Fig. 5·14(a) the intensity line cut of the LP0,9 mode as converted by a BPP (red)
is shown in comparison to an ideal Gaussian beam (green). On a linear scale, the two
look similar, but on a log scale (Fig. 5·14(b)) it becomes apparent that some of the
intensity is in rings surrounding the center portion of the beam. Figures (c) and (d)
show the corresponding simulated performance of the axicon coupling system with
linear and log scales, respectively.
A phase plate can modify the intensity profile of a beam, but it cannot improve
the M2 (Siegman, 1993). While the center portion of the reconverted beams appears
Gaussian, the significant portion of the power outside the spot causes the M2 to
remain large. However, if we spatially filter only the center region, the beam can
exhibit near-Gaussian behavior (M2 ∼ 1), albeit with some added loss. We therefore
introduce a circular aperture in the far field of the SLM. The aperture size is matched
to the radial null between the first ring and center spot. If the aperture impinges on
the center spot knife-edge diffraction actually causes the M2 to increase. When the
aperture is appropriately sized, the beam behaves in a near-Gaussian fashion, hence
we refer to this aperture position as the qualitatively Gaussian point (QGP).
M2 and loss due to spatial filtering at the QGP are used to assess the efficiency
of the reconversion systems. In each plot in Fig. 5·14 the QGP is shown as a dashed
vertical line, and a zoom-in on the radial null between the first ring and center spot is
inset. For BPP output coupling, the simulated M2 of the filtered beam at the QGP
is 1.05, and the simulated loss due to the aperture is 1.25 dB (75% transmitted). For
axicon output coupling, the simulatedM2 of the filtered beam at the QGP is 1.04, and
the simulated loss due to the aperture is 0.66 dB (85.9% transmitted). These values
agree with the simulated overlap values calculated for input coupling, indicating that
power in the rings surrounding the reconverted center spot is akin to parasitic mode
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content in the input coupling case.
Figure 5·14: Simulated Gaussian-like intensity profiles of a converted
LP0,9 mode. (a) BPP conversion on a linear scale. (b) BPP conversion
on a log scale. (c) Axicon conversion on a linear scale. (d) Axicon
conversion on a log scale. The QGP, as defined in the text, is marked
in each figure, and a zoomed-in plot of the QGP region is inset in each
top right corner. Reproduced from Fig. 5 in (Demas et al., 2015).
We quantify M2 of the converted beam using the setup schematically shown in
Fig. 5·15(a). Fig. 5·15 shows the beam in the focal plane of the SLM prior to the M2
measurement setup, on a linear (b) and gamma-altered (c) scale. In agreement with
the simulations, the beam has a Gaussian-like center spot with surrounding rings that
are only visible with gamma alteration (γ = 1/5). We spatially filter the beam using
an adjustable iris, after which, the transmitted portion of the beam is focused down
on to a silicon camera (Thorlabs DCC1645). We translate the camera through the
focus, and record images of the beam as a function of position, z. The second-moment
widths of the filtered beam in the x and y directions are calculated as a function of
z and fit to a parabola (Eq. (4.1a)) in order to determine M2 in each direction (M2x
and M2y ).
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For these measurements, it is key that the lens or lenses used focus the beam
tightly enough that the beam size changes significantly, but not so tightly that the
camera cannot resolve the structure in the beam. Accordingly, a 300 mm focal length,
2-inch clear aperture lens and a 40 mm focal length, 1-inch clear aperture lens are
used for focusing when the beam is large. A single 25 mm focal length 1-inch clear
aperture lens is sufficient for smaller beams.
Accurate measurement of M2 is contingent on capturing low intensity features
in the beam. Therefore, in order to maximize the bit depth, and thus signal to
noise ratio, each frame is comprised of three images that are “stitched” together.
The first image is unsaturated, the second and third are increasingly more saturated.
Using the fact that the recorded intensity on the camera is linear with exposure time,
we replace the saturated portions of a given image with scaled, unsaturated data,
effectively increasing the bit depth of the stitched image.
Fig. 5·15(d)–(g) show a sample M2 measurement for BPP conversion for a case
where the iris is fairly wide and thus not removing the rings surrounding the center
spot. Transmission loss through the iris is 0.8±0.1 dB (83% transmission) for this po-
sition, where the uncertainty likely arises from power fluctuations due to MPI in the
FUT and back reflections due to the long coherence length of the ECL. Fig. 5·15(d)
and (f) show projections of the measured intensity into the xz and yz planes respec-
tively. Fig. 5·15(e) and (g) show the beam widths W 2x (z) and W 2y (z) as a function of
z position (red dots). The data are fit to a parabola (black line) and the curvature is
used to calculate M2x and M
2
y (Eq. (4.1a)).
Fig. 5·16(a) and (b) show simulations (red line, blue line) and measurements
(green crosses, black circles) of M2 as a function of the transmission loss due to
spatial filtering for both BPP and axicon output coupling. When the aperture is too
wide to remove the surrounding rings, M2 is, as expected, not improved. The insets
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Figure 5·15: (a) Schematic of theM2 measurement setup. (b) Exper-
imentally stitched mode image of the converted mode from the BPP
output coupling setup. (c) Image of the converted mode with increased
gamma contrast (γ = 1/5). (d) Projection of the experimental 3D im-
age stack into the xz plane. (e) W 2x (z) measurement with parabolic
fit corresponding to M2x = 8.05. (f) Projection of the experimental 3D
image stack into the yz plane. (g) W 2y (z) measurement with parabolic
fit corresponding to M2y = 9.65. Reproduced from Fig. 6 in (Demas
et al., 2015).
in Fig. 5·16(a) and (b) show gamma-altered images of the beam (γ = 1/5) in this
regime which are decidedly non-Gaussian. When the aperture matches the QGP, M2
is minimized. The center inset in each figure shows the image at the QGP, which,
aside from the rectangular-symmetric patterns of dots (artifacts due to over-exposure
of the camera), appears Gaussian even with gamma alteration. The measured loss
due to the aperture at the QGP for BPP conversion is 1.7±0.1 dB (68% transmission),
and the measuredM2 is 1.17 in the x direction and 1.24 in the y direction. For axicon
output coupling, the loss at the QGP is 0.85 ± 0.1 dB (82% transmission), and the
measured M2 is 1.1 in the x direction and 1.15 in the y direction.
The simulated and measured QGP are offset by approximately 7% transmission
for the BPP case and 4% for the axicon case. If we shift the simulations by this offset,
however, then the curve matches the data quite well. This suggests that some of the
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power in the system was not accounted for in the simulations. A likely cause for the
discrepancy is the small amount of power corresponding to parasitic mode content in
the FUT. We assumed a perfect input mode in the simulations, and furthermore, we
would not expect parasitic mode content to become Gaussian-like in the far field of
the SLM given that the system is designed and optimized for specifically LP0,9. As a
result, parasitic mode content likely manifests as higher loss at the QGP.
As a secondary check of the beam quality, we couple the reconverted beams into
a SMF with no iris in the system. We measure 2.1±0.1 dB of coupling loss to the
SMF (Corning, HI980) for BPP output coupling, and 1.3±0.1 dB loss for the axicon.
The simulated overlaps between each output coupled beam and the LP0,1 mode of
the fiber correspond to 1.4 dB and 0.99 dB loss, respectively. The discrepancies
between the simulations and measurements are small, and in line with typical values
for SMF coupling, thus we can conclude the beams in each case indeed behave in a
near-Gaussian fashion.
Finally, we characterize the alignment tolerance for the system by either altering
the phase structure on the SLM or by offsetting the structure with respect to the in-
coming beam. To first order, misalignment corresponds to a shift in the beam position
rather than degradation of the Gaussian-like behavior, therefore a fair measurement
of loss at the QGP should track the position of the beam. To that end, we capture
stitched camera images of the beam and define a “virtual iris” in post-processing with
a fixed diameter corresponding to the QGP for the aligned case, which moves with
the centroid of the beam as misalignment increases. A downside to this measurement,
however, is that the finite sampling and dynamic range of the camera make it unsuit-
able for measuring absolute loss values. Instead we consider the change in loss at the
QGP as a function of misalignment, where the zero relative loss point corresponds to
the aligned case shown above.
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Figure 5·16: M2 as a function of power transmitted through the iris
for (a) BPP output coupling. (b) Axicon output coupling. Red and
blue lines correspond to simulations, and markers indicate experimental
measurements. Mode images with increased gamma-contrast (γ= 1/5)
for various iris diameters are insets. Reproduced from Fig. 7 in (Demas
et al., 2015).
In addition, the virtual iris method can be used to estimate the M2 of the beam.
We use the width of the transmitted beam in the near field, Wnf , and far field, Wff
(calculated by computing the two-dimensional Fourier transform of the near field
image), in order to calculate the M2 of the beam:
M2 =
πWnfWff
λz
(5.10)
where λ is the wavelength, and z is the propagation distance between the near field
and far field planes. This calculation likely suffers from uncertainty compared to the
measurement method shown above as it uses only two data points, however, it is
sufficient to estimate the effect of misalignment on M2.
Alignment sensitivity for both systems is shown in Fig. 5·17, including the degra-
dation in M2 and QGP loss due to change in BPP size (a), axicon angle (c), and
alignment (b) and (d). Mode images (log scale) for various alignment conditions and
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no imposed virtual iris are inset. Both the axicon and BPP systems seem less sensitive
to size/angle modification for output coupling than for input coupling (Fig. 5·13) – a
change in size or angle of nearly 3% results in negligible additional loss (0.5-0.6 dB).
Axicon output coupling seems more sensitive to lateral misalignment than the BPP
case, in keeping with the observations for input coupling.
Figure 5·17: Calculated loss at the QGP with respect to the optimal
condition, andM2 as a function of various changes in system alignment.
Inset: stitched mode images for different conditions (log scale image for
visibility) (a) Relative loss and M2 as a function of BPP diameter. (b)
Relative loss and M2 as a function of BPP offset. (c) Relative loss
and M2 as a function of axicon angle. (d) Relative loss and M2 as a
function of axicon offset. Reproduced from Fig. 9 in (Demas et al.,
2015).
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5.5 Extension to other modes and fibers
5.5.1 Extension to other modes
Thus far, we have only considered a single mode in the FUT, LP0,9. However, the
test fiber guides the first 10 LP0,m modes in this wavelength regime (though we
expect modes below LP0,4 do not propagate stably due to nearest neighbor coupling,
Sec. 2.1). This section describes the performance of these systems for other modes in
the FUT.
Fig. 5·18(a) and (b) show input coupling performance as a function of mode order
for BPP and axicon systems where the red and blue curves are simulated MPI values
for the most parasitic modes and the crosses are measurements of parasitic mode
suppression determined from fC2 traces. The insets show example mode images from
the excitation experiments. Allowing for some variability in suppression due to un-
certainty in the measurements due to drift and noise, there is very good agreement
between the simulation and measurement. Mode purity is fairly constant for all the
stably guided modes, suggesting that these coupling methods can be used to target
any mode.
Loss at the QGP as a function of mode order is shown in Fig. 5·18(c) where the
lines correspond to simulations and the markers are the measurements discussed in the
previous section. The loss at the QGP is fairly agnostic to mode order, in agreement
with the input coupling performance. Additionally, simulations indicate that the M2
for all modes with both conversion systems is below 1.1 at the QGP. Therefore, output
coupling with BPPs and axicons can be used to achieve Gaussian-like beams with low
loss for all the guided modes of the FUT.
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Figure 5·18: Parasitic mode suppression as a function of mode order
measured by fC2 for (a) BPP input coupling, (b) axicon input coupling.
Simulations delineated with solid line, measurements are marked with
crosses, example mode images (brightness and contrast enhanced for
visibility) inset. (c) Simulated loss at the QGP as a function of mode
order for axicon and BPP output coupling, measurements from Sec. 5.4
shown with markers. Reproduced from Fig. 9 in (Demas et al., 2015).
5.5.2 Extension to other fibers
All of the simulations and experiments thus far have corresponded to the step-index
multi-mode fiber. However, some applications require more complicated fiber geome-
tries. For example, HOM lasers (Nicholson et al., 2012; Nicholson et al., 2015) often
use double-clad fibers with single-moded cores (see Sec. 6.1.1). The seed power for
the system is low enough that an LPG can be used for input coupling, however, the
amplified output must be converted by free-space means, necessitating an coupling
system that is compatible with a double-clad design. Here we consider the effect of a
single-moded core on conversion efficiency for both axicon and BPP systems.
Fig. 5·19 shows simulations of axicon and BPP coupling for a range of fibers with
different core designs represented schematically in Fig. 5·19(a). Each fiber is a double-
clad design with a silica inner-cladding (50 µm diameter), and a fluorine-down-doped
outer-cladding with an index step of 17.5×10−3 (matching the step-index fiber used
in previous sections). The index step between core and inner cladding, ∆n, varies
from zero (no core), to 18.8×10−3. As ∆n changes, we vary the core radius in order
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to keep the V number constant at 2.1, ensuring single-mode operation (Ghatak and
Thyagarajan, 1998). For each fiber, we calculate the profile of the LP0,9 mode using
a scalar modesolver (App. A).
Figure 5·19: (a) Schematic for a double clad fiber, core V number
is 2.1, ∆n is variable. (b) Simulated parasitic mode suppression for
input coupling as a function of ∆n, measurements from Sec. 5.3 shown
with markers. (c) Simulated loss at the QGP as a function of ∆n,
measurements from Sec. 5.4 shown with markers. Reproduced from
Fig. 10 in (Demas et al., 2015).
Fig. 5·19 shows input coupling (b) and output coupling (c) performance as a
function of ∆n, where the red curve corresponds to BPPs, and the blue to axicons.
The coreless (∆n = 0) case corresponds to the condition for the experiments in the
previous two sections.
The BPP performance is relatively constant with change in fiber geometry. Par-
asitic mode suppression actually improves somewhat (∼2 dB) as ∆n increases, while
loss changes negligibly. This lack of dependence on fiber design is to be expected
because the BPP is designed to match the phase of the target HOM, regardless of
the spatial field profile.
In the axicon case, however, performance degrades as ∆n increases. This is
because axicon coupling is predicated on the similarity of LP0,m modes to Bessel-
Gaussian beams. The electric field solutions of modes in a double-clad fiber are not
necessarily described by a single J0 function – they are instead a superposition of
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different Bessel functions (Sec. 2.1). Accordingly, axicon coupling suffers as the effect
of the core increases and the mode solutions less resemble Bessel-Gaussian beams.
When ∆n is greater than 7×10−3, BPP performance actually overtakes that of
the axicon. It follows that BPP coupling may be more utile for cases where the test
fiber must have a single-moded core. It should be noted that the simulations here
assume a constant V number for the core which does not necessary cover the entire
parameter space. It may be possible to design the core in such a way that the mode
solution for at least one mode has high overlap with a truncated Bessel beam, and
thus axicon coupling would have better performance.
5.5.3 Dual mode coupling
This chapter has thus far only considered the case where we intend to couple light
to a single HOM. There are some instances, however, where it is desirable to excite
a controlled superposition of different LP0,m modes. For example, a superposition
is required to create optical “bottle beams” where the spatially-varying intensity
patterns caused by interference between different modes can be used to trap and
manipulate particles (Chen et al., 2012). Here, however, we are interested in being
able to excite combinations of modes in order to investigate four-wave mixing (FWM)
processes wherein the pump is non-degenerate in mode (Chap. 9).
There are several means to achieve this goal. Using LPGs, mode partitioning is
readily achieved by concatenating multiple gratings. For example, for equal coupling
to LP0,4 and LP0,5, one could inscribe a 3-dB-deep grating for LP0,4 to convert half
of the light from the fundamental mode, followed by a >20 dB LP0,5 grating to
convert the rest, affecting equal power partitioning of the desired modes. This method
should have ideal performance in terms of loss and mode purity, but assumes a LPG-
compatible fiber geometry.
We can consider free space coupling methods for exciting modal superpositions as
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well. An obvious solution would be to divide the beam into multiple arms and use
independent phase elements (axicons, BPPs) to partition the mode content, however
such a system would suffer from significant alignment complexity, and re-combining
the arms will likely introduce considerable loss. Alternatively, as mentioned in the
beginning of the chapter, one can use phase retrieval algorithms to design multi-plane
light conversion schemes for the excitation of arbitrary combinations of modes. Such
schemes may indeed be an attractive means of creating superpositions, particularly
in the case where an arbitrary ensemble of modes that are not necessarily adjacent
in mode order is desired. Here we will consider schemes using the familiar BPPs and
axicon techniques for the specific goal of equal power partitioning between LP0,m and
LP0,m+1 modes for use in later FWM experiments (see Sec. 9.2).
Fig. 5·13 provides some inspiration for how one might achieve coupling to adja-
cent mode orders using BPPs and axicons. In Fig. 5·13(a) the size of the BPP is
changed causing increased parasitic mode coupling relative to the dominant LP0,9
mode. Specifically, parasitic mode content manifests in the nearest neighbor LP0,m
modes. When the phase plate is oversized, the spatial frequency decreases, causing
coupling to the lower order LP0,8 mode, and conversely, smaller size leads to LP0,10
coupling. In Fig. 5·13(c), the same effect is evident for change in axicon angle – higher
angles lead to coupling to higher modes and vice versa. In fact, for the smallest axicon
angle in the figure, there is equal power in the LP0,9 and LP0,8 modes. This suggests
that phase plate stretching or manipulation of an axicon coupling system are simple
methods for partitioning power between adjacent LP0,m modes. One complication,
however, is that the fC2 data shown in Fig. 5·13 considers only the most parasitic
mode. In the case where, for example, LP0,8 and LP0,9 have equal power, there is
significant coupling (∼20% of the power in the fiber) to the LP0,7 and LP0,10 modes
as well.
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Figure 5·20: (a) Electric field solution and (b) MPI for a stretched
BPP optimized for coupling to the LP0,4 and LP0,5 modes. (c) Electric
field solution and (d) MPI for axicon system optimized for coupling to
the LP0,4 and LP0,5 modes.
The parasitic mode content (defined in this context as modes other than the
desired adjacent LP0,m modes) can be mitigated by adjusting the normalized Gaussian
waist of the input beam, as discussed in the simulations presented in Fig. 5·11. By
shrinking the input beam in comparison to the optimum points for the axicon and
BPP coupling systems described previously, parasitic mode content can be mitigated.
Fig. 5·20 shows optimum solutions for BPP and axicon coupling to target the LP0,4
and LP0,5 modes of the same step-index multi-mode fiber (MMF) described in all
other experiments in this chapter.
Fig. 5·20(a) shows the field of the converted mode (red curve) for a BPP where
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the input beam has a normalized waist of 0.51 (as opposed to 0.83 for the ideal single
mode excitation scheme described above) and the phase plate size has been stretched
by 11.8% relative to a normal LP0,5 plate to achieve equal coupling to the LP0,4 and
LP0,5 modes (purple and green curves, respectively). The MPI for this solution is
shown in Fig. 5·20(b). The power in LP0,4 and LP0,5 is equal, and all other modes
have been suppressed by 14 dB. For FWM experiments, the most relevant quantity
is the total non-participating power which is composed of all parasitic mode content
as well any discrepancy in power between the target modes of the superposition.
For the stretched BPP solution shown in Fig. 5·20(a) and (b), the non-participating
power is 6.5% (compared to 19% when the beam size has been optimized for single-
mode coupling). Fig. 5·20(c) shows the field profiles for an axicon solution where the
normalized beam waist is 1.2 (as opposed to 2 for the ideal single mode excitation
scheme described above), and the magnification of imaging system is 87.6% that of
the magnification for the ideal solution for the LP0,5 mode. This solution results in
the MPI shown in Fig. 5·20(d) where suppression of the parasitic modes is 15.3 dB
down from the equally partitioned LP0,4 and LP0,5 modes, leading to a total of 4.1%
non-participating power.
For the experiments discussed in Secs. 9.1.2 and 9.2, a stretched BPP system was
employed to generate FWM pumps with power partitioned between multiple modes.
In these instances, the input beam size was not optimized, and mode purity was not
directly measured; instead, feedback from the strength of the FWM processes was
used to optimize the phase plates. Accordingly, we expect that the parasitic mode
content in these cases may have been considerable.
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5.6 Summary
This chapter discusses mode excitation methods both internal and external to the
test fiber. Internal mode excitation using LPGs is perhaps the most advantageous
approach to mode coupling as these devices are essentially lossless, they provide
the highest possible mode purity, and can have large excitation bandwidths through
proper design and fabrication. While these devices are static, and thus somewhat in-
hibitory to exploratory research, ultimately they are the ideal solution for a packaged,
spliced system. The largest drawback for these devices is the need for a single-mode
core which complicates the design of the fiber and leaves the system susceptible to
unwanted nonlinearity and damage from the small effective area of the fundamental
mode.
These drawbacks may, however, may only be relevant for the case where the LPG
is inscribed using UV-facilitated index perturbations. The “AC” coupling coefficient
which determines LPG coupling strength is simply an overlap integral of the inter-
acting modes with the index perturbation – in Eq. (5.5) it collapses to a constant
multiplied by the integral of the modes evaluated over the inner core of the fiber, as
the index perturbation is assumed to be uniform and only occurs in the germanium-
doped region of the fiber. In principle, any periodic, azimuthally-invariant pertur-
bation with a radial dependence such that σkj is non-negligible
3 can cause coupling
between the modes. For example, one can periodically perturb the fiber with a CO2
laser or electrode arc in such a way that the heat profile creates a gradient index
perturbation in the fiber along the radial direction (Davis et al., 1998); alternatively,
femtosecond lasers can be used to inscribe index perturbations in fibers with µm-
scale resolution (Kondo et al., 1999; Mihailov et al., 2003). Crucially, neither of these
grating mechanisms require a fiber with a single-mode inner core. The challenge for
3In the absence of radially-varying form of the perturbation, Eq. (5.5) collapses to an overlap
integral for the two interacting modes which is identically zero due to orthogonality.
138
using these mechanisms for LPG inscription would be to selectively excite only the
fundamental mode prior to the grating. This issue could potentially be addressed
by tapering the fiber to either reach the single-moded regime or mode-match to the
fundamental mode of a typical large mode area (LMA) fiber. Design and character-
ization of coupling systems using this class of devices is an interesting prospect for
future research.
For testing purposes, and for cases where LPG inscription is not tenable (for ex-
ample, the grating period is too short for an arc grating, the application is unsuitable
for a single-moded inner core, etc.), the free space excitation methods described in
this chapter offer a flexible and simple means to excite modes. Axicon coupling is
perhaps the more advantageous approach for exciting modes in simple step-index
fibers given that axicons are commercially available bulk optics, and the loss for these
coupling systems can be less than 1 dB. BPPs are useful for rapid characterization
of multiple modes in many fibers – where an axicon coupling setup requires re-design
and re-alignment to switch between mode orders, a BPP coupling setup implemented
with an SLM can facilitate switching between modes at the click of a button.
For free-space conversion mechanisms as implemented in the experiments in this
thesis, alignment drift is an inevitability. While micro-optics may provide a means
to eliminate much of this drift, another potential solution might be the incorpora-
tion of phase elements directly on the facet of the test fiber. There have been some
demonstrations of axicons manufactured on fiber tips in order to convert the funda-
mental mode to a Bessel beam in free space (Grosjean et al., 2007), or to re-convert a
HOM to the fundamental mode (Nicholson et al., 2015). The performance of devices
demonstrated thus far has been non-ideal, likely due to the difficulty of fabricating
micro-axicons with sufficiently sharp tips, however this remains a promising direction
for future work. Additionally, implementing binary phase structures on fiber facets
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using 3D printing technology may also be a possibility (Gissibl et al., 2016).
Another interesting avenue for mode excitation might be multi-plane light conver-
sion. As mentioned earlier in the chapter, systems using more than one phase plate
allow for multiple degrees of freedom in order to transform an input beam into an
arbitrary amplitude and phase profile. In principle, the more elements that are used,
the more accurately one can reproduce the target field. Micro-optic assemblies that
transform an array of input SMFs into different modes of few-mode fibers have been
demonstrated as commercial products for telecommunication applications; assuming
these devices could be developed in a power-tolerant manner, this might be an ideal
means to achieve mode conversion for future systems.
Current FWM experiments (described in Chaps. 8 and 9), have made use of LPGs
and SLM-implemented BPPs. The LPG-based experiments were plagued by mode
purity problems, primarily due to complications in the LPG inscription process caused
by deviations in the fabricated fiber from the design specifications (Sec. 6.1.1). For
later experiments, we elected to use free space coupling methods for mode excitation
to allow for the use of simple step-index MMFs. In these experiments (Secs. 8.2
and 9.2) we used BPP coupling systems for mode excitation. The decision to use BPPs
rather than axicons was to allow for rapid characterization and ease of alignment.
This second point was especially crucial for dual-mode coupling experiments where
the visual inspection methods we use for cursory alignment were not possible as
the output of the fiber was, by design, a coherent superposition of modes rather
than a single pure mode. For future FWM experiments, migration to a physical
axicon platform may be employed to leverage as much of the available pump power
as possible.
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Chapter 6
Multi-Mode Fiber Designs
Three fibers were used for all of the experiments described in this thesis, includ-
ing analysis of mode conversion (Chap. 5), mode purity (Chap. 4), and nonlinear
frequency conversion (Chap. 8 and Chap. 9). The first fiber is a double-clad design
with a silica inner-cladding, and fluorine-down-doped outer-cladding. The core is seg-
mented and designed for high-efficiency long period grating (LPG) inscription with
a simultaneously large effective area for the fundamental mode. It was designed by
members of the Ramachandran research group, and fabricated by Nufern, Inc. This
fiber will be subsequently referred to as the dual-core fiber. The second fiber is a
simple step index multi-mode fiber (MMF), commercially available from Thorlabs,
Inc. The core is a 50-µm silica region surrounded by a fluorine-down-doped cladding.
This fiber is referred to as the step-index fiber. The third fiber is again a step-index
MMF, however the index contrast of the fiber is roughly double that of the other
fibers used for the experiments in this thesis. The fiber, referred to hereafter as the
high NA fiber was designed by the Ramachandran research group, and fabricated by
OFS Fitel, LLC. The following sections describe the design and characteristics for
each of these fibers.
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6.1 Fibers used for nonlinear experiments
6.1.1 Dual-core fiber
The dual-core fiber was designed in the Spring of 2011 by Yuhao Chen, Lars Rishøj,
Dr. Paul Steinzurvel, and Professor Siddharth Ramachandran. The goals of the
design were to create a fiber wherein LP0,m modes could be efficiency excited via
LPGs, and stably guided to facilitate nonlinear interactions (Rishøj, 2012; Rishøj
et al., 2012). The fiber was drawn to five outer diameters (ODs): 110, 115, 120, 125,
and 130 µm.
Figure 6·1: Schematic of the dual-core fiber design.
Fig. 6·1 shows a schematic of the refractive index profile of the fiber as it was
designed. The outer cladding portion of the profile (blue) is fluorine-down-doped silica
glass which has an index step of −20×10−3 with respect to silica. The inner cladding
of the fiber is made of pure silica with a diameter ranging from 20.9–24.8 µm, based
on the drawn OD. The core of the fiber is designed to maximize effective area (Aeff) of
the incoming LP0,1 mode in order to offset self phase modulation (SPM) or dielectric
breakdown in the small length of fiber prior to an LPG used for mode conversion. As
such the design radius ranges from 6.6–7.8 µm and the index step is 1.2× 10−3 above
silica, leading to an Aeff of ∼200 µm2.
142
The modes of interest for this fiber (LP0,4–LP0,7) each have the center spot and
first ring within the core region. As a result the overlap between the fundamental
mode and target mode evaluated over the entire core region is poor because the first
ring of the higher order mode (HOM) has a negative amplitude and thus counts
against the integral. We would thus anticipate decreased coupling strength for LPGs
(Sec. 5.1.1). However, the overlap integral in the definition for κ is strictly evaluated
over only the photosensitive portion of the fiber. Therefore, the core can be structured
such that only the inner portion (where the center spot of each target HOM overlaps
well with the fundamental mode) is photosensitive – allowing for simultaneously large
Aeff and κ.
Thus a segmented core was designed such that the refractive is uniform across
the full region, and the radius of the photosensitive region is 0.47 times the radius
of the full core. The inner core is co-doped with germanium and fluorine which
allows for high germanium content, and thus increased photosensitivity (Hill et al.,
1993; Kashyap, 1999), without raising the index so much that the region becomes
multi-moded. The outer region is phosphor-doped and is not photosensitive.
Figure 6·2: (a) Microscope image of the fiber facet. (b) Measured
refractive index profile (OD = 115 µm).
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Fig. 6·2 shows a microscope image of the facet of a sample of the fabricated fiber
(a), along with the measured refractive index profile (b) for the OD 115 µm fiber
(measured via an IFA-100 index profiler, from Interfiber Analysis, LLC (Yablon,
2010)). There is significant deviation from the design evident in the refractive index
profile of the core. The core is nearly 0.5 µm larger than the design, and the index
is not homogenous – there is a large dip in refractive index in the center of the fiber.
For these reasons, the LP1,1 mode is guided in the core. As discussed in Sec. 5.1,
a single-moded core is essential for proper mode conversion and characterization of
LPGs.
One workaround developed for mitigating the effects of the multi-mode core in
this fiber was to use a mode stripper, as discussed in the LPG section (Sec. 5.1). In
this case, the fiber was tapered to achieve single-mode guidance in the core, such that
the LP1,1 mode was guided by the inner cladding. The waist of the taper was etched
to removed the outer cladding, and immersed in index matching oil to strip out all
HOMs. Placing two etched tapers around an LPG removes the multi-path interference
(MPI) from the grating spectrum, allowing for more accurate characterization of the
device. For the LPG-enabled nonlinear experiments (described in Secs. 8.1 and 9.1.1),
initially, a mode stripping device was used prior to the LPG to ensure high mode
purity, however, the devices were not suitable for these power levels and would fail
when the pump laser was coupled through.
Fig. 6·3 shows various properties of the OD 115 µm draw of the dual-core fiber:
(a) shows effective index for LP0,1 through LP0,10 modes as a function of wavelength,
(b) shows the dispersion of the modes, and (c) shows Aeff for all the modes. In each
case, the dark blue color corresponds to LP0,1 and red corresponds to LP0,10, with
all the other modes filling the spectrum between. For this diameter the LP0,5, LP0,6,
and LP0,7 modes have near-zero dispersion ideal for four-wave mixing (FWM) while
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Figure 6·3: Attributes for the dual-core fiber (OD = 115 µm). (a)
Effective index for all guided modes as a function of wavelength. (a)
Dispersion for all guided modes as a function of wavelength. (c) Aeff
for all guided modes as a function of wavelength.
maintaining large effective areas of ∼600 µm2. This fiber was drawn to different
ODs in order to sample different dispersion values for nonlinear experiments. Fig. 6·4
shows the zero dispersion wavelength (ZDW) for LP0,1 through LP0,10 as a function
of OD.
A second significant issue with this fiber was the variability of the resonance
wavelengths of gratings written in the fiber. While MPI can add uncertainty in the
conversion efficiency and resonance wavelength of an LPG, generally the uncertainty
is small (±1 nm, ±1 dB). Fig. 6·5(a) shows a scatter plot of the measured resonance
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Figure 6·4: Zero dispersion wavelength for LP0,1 (dark blue) through
LP0,10 (red) for all drawn ODs of the dual-core fiber.
wavelengths for fabricated gratings with the same grating period and exposure time
in the dual-core fiber. The standard deviation (dashed black lines) from the mean
(solid black line) is 8.2 nm for gratings written in this fiber and the full range of
resonance wavelengths is 24 nm. For reference, Fig. 6·5(b) shows a similar plot of
gratings in commercial transmission fiber (Corning HI1060); the standard deviation is
only 1.8 nm and the range is 4.5 nm. Some of the difference between the fibers could
be due to the relative gradients in the phase matching curves – the local gradient is
1.5× larger in dual-core than in the commercial fiber – however, this does not entirely
explain the increased variability of gratings written in the dual-core fiber.
The likely cause of this variability is fluctuation of the fiber’s OD. A change in OD
will effect β for core and cladding modes differently, causing the resonance wavelength
of an LPG to shift. Corning HI1060 is a commercial transmission fiber, so it is
unsurprising that the fiber is manufactured with excellent longitudinal homogeneity.
The dual-core fiber on the other hand is a custom design and thus did not go through
iterative design and fabrication optimization. We suspect the LPG variability in the
dual-core fiber is indeed a result of OD fluctuations, which had consequences for the
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nonlinear experiments described in Secs. 8.1 and 9.1.1.
Figure 6·5: (a) Resonance wavelengths for LP0,6 gratings fabricated
in the dual-core OD 130 µm fiber (blue crosses). (b) Resonance wave-
lengths for LP0,13 cladding mode gratings fabricated in Corning HI1060
fiber (red crosses). Each figure includes the mean resonance (solid black
lines) and standard deviations (dashed black lines) for the resonance
distributions. HI1060 grating data courtesy of Tao He.
6.1.2 Step-index multi-mode fiber
A simple step-index multi-mode fiber was also used for nonlinear and mode conver-
sion experiments. The guiding region of the fiber is silica glass (50-µm diameter)
surrounded by a fluorine down-doped cladding. The core to cladding index step is
−17.5 · 10−3. Fig. 6·6(a) shows a microscope image of the fiber facet, and (b) shows
a measurement of the refractive index profile of the fiber. This fiber was fabricated
by Thorlabs, Inc. and is an off-the-shelf commercial product (Thorlabs FG050LGA).
Fig. 6·7 shows the general properties of the fiber, including (a) the effective index
of the modes, (b) the dispersion of the modes, and (c) the Aeff for the modes. The
dispersion and effective index as a function of mode order are generally similar for
this fiber as compared to the dual-core fiber. The Aeff as a function of wavelength is
significantly different however. In the step-index case, the effective area of each HOM
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Figure 6·6: (a) Microscope image of step-index fiber facet. (b) Mea-
sured refractive index profile.
increases slightly with wavelength until the mode is cutoff, at which point it grows
rapidly as the mode is no longer guided inside the fiber. In the dual-core case, the
Aeff has a more complicated dependence on wavelength; as wavelength increases, the
rings of the LP0,m modes transition from being guided inside the core to outside the
core, causing changes in both the mode profile and Aeff .
The step-index fiber benefits from a very simple design, and accordingly is an
existing off-the-shelf commercial product. Fabricating this fiber with different core
diameters to provide a range of fibers with slightly different dispersion and thus
phase matching characteristics would be relatively simple. However, the simplicity
in the design makes it incompatible with ultra-violet (UV)-inscribed LPGs for mode
conversion.
6.1.3 High NA fiber
The third fiber used in the experiments discussed in this thesis is a second step-
index design. The purpose of this design was to maximize the index step in an all-
glass format, thus allowing well-guided modes with the highest possible anomalous
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Figure 6·7: (a) Effective index for all guided modes as a function
of wavelength. (a) Dispersion for all guided modes as a function of
wavelength. (c) Aeff for all guided modes as a function of wavelength.
dispersion. The benefit of this fiber, relative to the step-index fiber discussed above,
was that it was drawn to a semi-continuous range of ODs from 100 µm to 45 µm in
core diameter, allowing us to tune the dispersion properties for FWM prior to the
development of our wavelength-tunable pump laser. The fiber was designed by Dr.
Lars Rishøj, Professor Siddharth Ramanchandran and myself, and manufactured by
Dr. Poul Kristensen at OFS Fitel, LLC.
This fiber was manufactured by germanium-up-doping the core region and fluorine-
down-doping the cladding in order to create an index contrast of ∆n = 40×10−3 (facet
image and refractive index profile in Fig. 6·8(a) and (b)). While this fiber was drawn
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Figure 6·8: (a) Microscope image of step-index fiber facet. (b) Mea-
sured refractive index profile.
to many ODs, the diameters most relevant to our experiments corresponded to a core
diameter of ∼47.5 µm. The general properties of the fiber at this diameter are shown
in Fig. 6·9. The attributes are very similar to those of the step-index fiber with the
key difference being that the high NA fiber has a mode (LP0,7) with nearly zero dis-
persion coincident with the wavelength of our fixed-wavelength amplified micro-chip
laser pump source (Sec. 7.1), necessary for the experiments described in Sec. 8.2.1.
The high NA fiber was only used for the experiments detailed in Sec. 8.2.1. In-
terestingly, the length of fiber necessary to achieve maximum depletion of the pump
laser in these experiments was roughly half that of the length necessary in the step-
index fiber (Sec. 8.2.2) – we suspect that this may be due to the increased nonlinear
refractive index of germanium-doped silica relative to un-doped silica.
The primary benefit of this fiber, the fact that it was drawn to a quasi-continuous
range of ODs, may also have been a drawback to its application in nonlinear experi-
ments. In many samples, multiple FWM peaks were observed, as well as spontaneous
Raman scattering, leading us to conclude that the fiber suffered from significant OD
variation even within relatively short (<5 m) samples. While the fiber’s homogeneity
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Figure 6·9: (a) Effective index for all guided modes as a function
of wavelength. (a) Dispersion for all guided modes as a function of
wavelength. (c) Aeff for all guided modes as a function of wavelength.
was sufficient for the experiments described in Sec. 8.2.1, it was deemed non-ideal for
experiments with large Stokes to anti-Stokes wavelength separations (such as those
in Sec. 9.2) as they exhibit increased sensitivity to phase matching fluctuations.
6.2 Summary
The most important aspects of fiber design for guidance of LP0,m modes are likely
considerations tied to the intended mode conversion mechanism. If an LPG is the
desired mode conversion device (Sec. 5.1), then the fiber must be designed with a
core, and the germanium content of the core, the Aeff of the fundamental mode, and
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the effect of the core on dispersion and mode profiles of HOMs must be considered in
the design (as was the case with the dual-core fiber discussed in the previous section).
Instead, if free-space mechanisms (Sec. 5.3) are sufficient, fiber design can be as simple
as creating a step-index fiber with enough fluorine content in the cladding to produce
a reasonable index contrast and guide the desired modes with the desired dispersion
properties – similar to the step-index fiber discussed in the previous section.
One secondary consideration for fiber design is the fabrication tolerance for the
general properties of the refractive index profile of the fiber (index contrast, gradient
of step index regions, diameter of various guiding regions, etc). The preform can
generally give some indication of how the physical refractive index profile differs from
the design, however, the drawing process may introduce some variability. The most
effective means of handling these fluctuations is to draw the fiber to multiple ODs,
as was done with the dual-core and high NA fibers, so that a range of fibers with
different characteristics are available for experiments. The variability in the index
profile of the manufactured fiber is generally coupled to the complexity of the design,
so it may be advantageous to simplify the first iteration of the design as much as
possible.
A final consideration is longitudinal variation in the fiber – specifically fluctuations
in the OD. As discussed in the previous sections, OD fluctuations can cause erratic
results in LPG inscription. For nonlinear experiments, fluctuations may perturb the
phase matching condition, and thus the efficiency of FWM in the fiber. Ultimately,
the longitudinal homogeneity of the fiber is a result of the draw process and thus is
dependent on the process optimizations implemented by the manufacturer. As a point
of reference, commercial transmission fiber companies are capable of manufacturing
fibers with less than 0.5% OD fluctuation (Corning, 2010).
In our case, longitudinal variations were problematic in both the dual-core and
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high NA fibers. The homogeneity of the step-index fiber was much more suited to
our experiments (particularly those in Sec. 9.2), perhaps because it is a commercial
product rather than a custom fiber design.
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Chapter 7
Laser Sources
A crucial aspect of demonstrating nonlinear processes in higher order modes (HOMs)
is having a pump source with sufficient peak power. While ytterbium-doped fiber
lasers are a mature technology and commercially available, there are some particular
requirements for this application that make pump development non-trivial. First,
the modes we are targeting have effective areas on the order of ∼600 µm2, which
is nearly double the area of the fundamental mode in a typical large-mode-area gain
fiber. Considering that the coupling systems we employ (see Chap. 5) are not lossless,
this requires that the pump laser operate at a peak power near the nonlinear limit of
the gain fiber in order to keep four-wave mixing (FWM) sample fibers short (necessary
for maintaining longitudinal homogeneity).
A second requirement is that the polarization state of the laser be well-defined
in order to make use of primarily the on-diagonal component of χ(3) and maximize
FWM efficiency. Good beam quality and pointing stability are required in order to
efficiently excite HOMs (particularly when using free space coupling systems) without
significant alignment drift. As discussed in Sec. 8.3, the pulse shape must be a “top
hat” or rectangular in order to maximize overall pump depletion for FWM. Finally
the linewidth of the laser must be narrow (∼10 MHz) in order to have sufficient
spectral power density at the desired pump wavelength. Some FWM processes are
very sensitive to the pump wavelength; if the bandwidth is too wide, then portions
of the pump cannot participate in the process, leading to inefficiency.
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With these specifications in mind, two laser sources were used for the experiments
in this thesis. The first source was a fixed-wavelength system comprised of a Q-
switched Nd:YAG microchip laser, amplified by a single stage large mode area (LMA)
ytterbium-doped fiber amplifier. This system, while not particularly flexible or ideal
in terms of the requirements above, was sufficient for a majority of the FWM ex-
periments described in this thesis. For the final experiments described in Sec. 9.2,
we developed a wavelength-tunable master oscillator power amplifier (MOPA) sys-
tem based on three stages of ytterbium-doped fiber amplification. This system was
capable of producing the desired peak powers over a tuning region of ∼15 nm (1035-
1050 nm) with some adaptive pulse shaping capability. This chapter describes the
design and performance of these two laser systems.
7.1 Fixed-wavelength pump source
The fixed-wavelength high power pump laser was implemented by amplifying a neodymium-
doped yttrium-aluminum garnet (Nd:YAG) microchip laser (Teem Photonics SNP-
20F-100) with 1.5 m of ytterbium-doped LMA double-clad gain fiber (Nufern LMA-
YDF-25/250-VIII). The Nd:YAG laser emits 0.5 ns Q-switched pulses at a repetition
rate of ∼19.5 kHz with 10 kW peak power at a wavelength of 1064 nm. A diagram
for the system is shown in Fig. 7·1:
Figure 7·1: Schematic for the amplified Nd:YAG laser system.
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A small portion of the Nd:YAG laser is tapped off from the main beam and
directed to a photo-detector which acts as a trigger signal for measurement of the
laser pulse, or synchronization with other lasers. The main portion of the beam is
free-space coupled to the signal port of a tapered fiber bundle (TFB) (Opneti MPC
(6+1)x1, Nufern 10/130 input fiber) which couples the seed laser into the core of
the gain fiber, and couples five multi-mode pump diodes (JDSU L49897510-100E, λ
= 979 nm) into the cladding. Each pump diode has a maximum power of ∼5 W,
allowing for a maximum of 25 W of pump power. A polarization controller is used to
set the polarization of the signal light prior to the TFB. The end of the gain fiber has
an endcap, which was fabricated by splicing coreless optical fiber directly to the gain
fiber and angle cleaving it roughly 1 mm from the splice point. The endcap expands
the mode and protects the amplifier from back reflections due to the facet.
The laser output is collimated and a quarter wave plate (QWP) and half wave
plate (HWP) are used to adjust the polarization state of the beam. The polarization
elements are rotated to prevent back reflection from re-entering the gain fiber. A
free space optical isolator (Electro-Optics Technology) removes back reflections from
elements further upstream. While the isolator for this system was specified to be ag-
nostic to the input polarization, we found in practice that it had preferred polarization
states. If the input was not aligned with a preferred state, then the isolator caused
degradation of the degree of polarization (hence the need for the QWP and HWP).
Finally, a bandpass filter with a 4 nm pass band centered at 1064 nm (Semrock LL01-
1064-25) removes excess pump light and other out-of-band frequencies from the laser
spectrum.
Fig. 7·2 shows the peak power of the laser as a function of current delivered to
the pump diodes. The peak power reaches a maximum value of ∼109 kW. The laser
can be operated at higher current values, however, the output power is no longer
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Figure 7·2: Peak power for the fixed-wavelength amplifier as a func-
tion of pump current.
linear with pump current and begins to saturate. The saturation mechanism here is
not due to gain – instead, nonlinearity becomes a problem, and power is coupled to
wavelengths outside the bandwidth of the 1064 nm bandpass filter. At these power
levels, the filter still ensures a high optical signal to noise ratio (OSNR), but we expect
the onset of self phase modulation (SPM) and deformation of the pump pulse, which
would both likely decrease FWM efficiency.
Fig. 7·3 shows the spectrum of the laser as a function of current. The spectra,
even in the un-amplified case (black line), exhibit two peaks, separated by roughly
0.1 nm, which originate from the microchip seed laser. The measured OSNR of the
laser is >50 dB, corresponding to a high spectral power density of the laser line.
Fig. 7·4 shows measured laser pulses as a function of current. The pulse duration
for the highest peak power (red line) is 0.54 ns at full-width-half-maximum. Some
ripple is evident on the pulses at higher powers, which is likely due to the interplay
between multi-path interference (MPI) and self-phase modulation. The gain fiber is
not strictly single-moded, it guides the LP1,1 mode. In the time domain, we would
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Figure 7·4: Pulse measurements for the fixed-wavelength amplifier as
a function of pump current.
not expect to see ripple due to interference between these modes because the pulse is
essentially monochromatic; therefore, the phase relationship between the two modes
should be maintained across the pulse (see Sec. 2.3). While the envelope of the pulse
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might increase or decrease at some point in space as a result of the interference, ripple
should not be observed. If the power is sufficient to generate appreciable nonlinearity
in the gain fiber, however, then we have to consider that self-phase modulation may
result in a time-dependent phase variation for the dominant LP0,1 mode. This phase
fluctuation could be causing the ripple we are observing in these results. Note that
in this instance, the ripple is a fairly small effect, but in Sec. 8.1, the same interplay
between MPI and self-phase modulation wreaks havoc on the pulse measurement at
the end of the FWM sample fiber. The solution in that case was to ensure that the
entire spatial profile of the beam was captured by the detector thus eliminating the
effects of MPI.
The polarization extinction ratio (PER) of the laser, defined as the ratio of the
power in each of the orthogonal linear polarization components of the output beam,
degrades to < 7 dB for ∼100 kW operation. In the HOM coupling setups used in
the experiments in subsequent chapters, we rely on a polarizing element prior to the
test fiber in order to ensure a defined polarization state (this is especially important
when the coupling mechanism requires a spatial light modulator (SLM)) meaning
that degradation of PER corresponds to decrease in available power. In experiments
using this system (Sec. 8.2.2), the maximum power available after frequency and
polarization filtration was ∼63 kW.
Fig. 7·5 shows images of the laser output for the maximum (a) and minimum (b)
component of the beam’s polarization state. The beam at maximum transmission
resembles a Gaussian and appears to be of high quality, where the minimum trans-
mission image is elongated and appears to be a superposition of the LP1,1 and LP0,1
modes. It is likely that parasitic LP1,1 mode content is at least partially responsible
for the degradation in PER. However, the PER of light transmitted through amplifi-
cation stage without the pump diodes turned on is 14 dB, indicating that some aspect
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Figure 7·5: Laser beam images for high power operation (peak power
> 100 kW with a polarizer in the beam path. (a) Maximum trans-
mission through the polarizer. (b) Minimum transmission through the
polarizer. The brightness and contrast of each image is enhanced for
better visibility.
of amplification is causing PER degradation. One possible explanation could be that
amplification of the fundamental mode reaches the saturated gain regime, while the
LP1,1 portion of the beam remains in the small signal gain given the lower signal
power at the beginning of the gain fiber. Increased amplification leads to relatively
higher parasitic mode content, and thus degradation of the PER.
A second likely reason for the degradation of the PER is nonlinear polarization
rotation. In the same way that a sufficiently intense pulse can modulate its own
phase, here the pulse modulates its own polarization state (Agrawal, 2001). Different
instantaneous portions of the pulse have different intensities, thus the polarization
state of the pulse is time varying, and PER on average is degraded. We hypothesized
that replacing the gain fiber for this amplification stage with polarization-maintaining
fiber might improve the performance of the system, as breaking the polarization mode
degeneracy might enable resistance to coupling due to nonlinearity. To that end, we
replaced the gain fiber in the system with 1.5 m of a polarization-maintaining vari-
ant of the same gain fiber (Nufern PLMA-YDF-25/250-VIII). After ensuring that
the seed laser’s polarization was aligned to the stress rods of the gain fiber, we op-
erated the amplifier in the same fashion as the original system and found that the
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PER improved to ∼13.5 dB, indicating that nonlinear polarization rotation was a
more significant problem than parasitic mode content. Accordingly, the available
horizontally-polarized peak power from the system increased from 63 kW to 87 kW.
7.2 Wavelength-tunable pump source
While the fixed-wavelength source in the previous section was sufficient for the ma-
jority of our first experiments in HOM FWM, there were some deficiencies in its
performance. One significant drawback was the fact that the wavelength was fixed.
The condition for phase matching in FWM is highly dependent on both the pump
wavelength and the characteristics of the waveguide (especially for the intermodal
process described in Sec. 9.2), thus one of these degrees of freedom can be used to
compensate for the other. While it is possible to draw test fibers to different diame-
ters to sample this space, wavelength tuning the FWM pump ensures that the phase
matching condition can be achieved for a nominal fiber diameter.
Additionally, the pulse shape of the fixed-wavelength laser was Q-switched, which
resulted in poor overall pump depletion in initial FWM experiments (see Sec. 8.3).
Having the capability to increase the pulse duration and adaptively change the shape
of the pulse to account for gain saturation in the amplifiers (Schimpf, 2010) is crucial
for generating the rectangular pulses necessary for pumping efficient FWM interac-
tions. With those goals in mind, we developed a three-stage ytterbium-doped fiber
MOPA to act as a pump source for further FWM experiments (Fig. 7·6).
The master oscillator for the system is an external cavity diode laser (ECL)
which is wavelength-tunable from 1020-1080 nm with roughly 25 mW of continuous-
wave (CW) power (Toptica DL-Pro 100). The output of the oscillator is single-mode
polarization-maintaining (PM) fiber, and from this point forward, all components are
PM to ensure a high PER at the output of the laser and fight nonlinear polarization
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Figure 7·6: System schematic of the wavelength-tunable pump source.
rotation as discussed in the previous section. The CW light from the master oscillator
is carved into pulses using an electro-optic modulator (EOM) (Photline NIR-MX-LN-
10-PD) driven by an electrical signal originating from an arbitrary waveform genera-
tor (AWG) (Tektronix AWG7082C) and amplified with a 10 GHz electrical amplifier
(Photline DR-AN-10-MO). The AWG can generate custom electrical signals with
125-ps resolution which are then applied to the EOM to yield optical pulses with the
same shape (albeit with some ringing effects from the electronics). The EOM is based
on a Mach-Zender interferometer where the arms are biased to have a relative phase
difference of π, causing destructive interference and thus blocking signal throughput.
When a voltage is applied, the phase relationship between the arms changes, allowing
light to escape the device – thus a time dependent voltage can cause modulation. A
crucial aspect of the device is the extinction of the incoming light when no voltage
is applied. The modulation bias controller (MBC) in the system monitors the light
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exiting the EOM and ensures that the device is properly biased in order to main-
tain the highest possible extinction ratio. Nonetheless, the extinction ratio is finite
(approximately 30 dB for our modulator). Given that the duty cycle (pulse duration
divided by pulse period) of the pulses we consider in our experiments is on the order
of −50 dB, even the weak seed getting through the EOM is enough to reduce the
efficiency of the first amplification stage.
The first stage of amplification is comprised of a 9-m segment of 5-µm core diam-
eter single-clad gain fiber (Nufern PM-YDF-LO) counter-pumped by a single-mode
fiber-Bragg-grating-stabilized CW pump diode (λ =975 nm, 3S 1999CHP). Isola-
tors on either side of the stage serve to protect the master oscillator from counter-
propagating light from the first stage and to protect the first stage from backward
light originating from later stages (Opneti PMISO-P-S-1064-0-5-0.8-00). An acousto-
optic modulator (AOM) (Gooch and Housego 30166183) acts to temporally filter the
output of the stage by gating the pulse with a 35 ns window. The extinction ratio
of the AOM is 60 dB, ensuring that the vast majority out-of-pulse light is effectively
filtered. The timing of the gating window is set using a digital delay generator (DDG)
triggered off of the internal clock of the AWG. A tunable band pass filter (TBPF)
(Agilent FOTF-026125331) follows the AOM in order to remove amplified sponta-
neous emission (ASE) noise. The pass band of the filter can be manually adjusted in
order to maintain wavelength-tunable operation of the system. A 1% coupler (Gooch
and Housego 30092553) is used to tap off forward and backward propagating light to
monitor the status of the first amplifier stage, as well as any back reflections due to
stimulated Brillouin scattering (SBS) from the second stage.
The second stage is comprised of 1.5 m of 10-µm core double-clad gain fiber
(Nufern PLMA-10/130-VIII), cladding pumped by a 25 W multimode pump diode
(Oclaro BMU25B-975-01-R). The pump and signal are coupled to the gain fiber with
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a (2+1)x1 TFB (Neptec PMPC(2+1)X1-059). The input splice to the gain fiber is
recoated with low-index polymer to ensure pump transmission, and the output is
recoated with high-index polymer to remove excess pump light. The stage is inten-
tionally kept very short to reduce the effective length in order to combat unwanted
nonlinearity (typically SPM for ∼1-ns pulse durations or SBS for longer pulses). As
a result, there is considerable residual pump light and the recoated “pump dump”
must be water cooled in order to prevent failure. An AOM (Gooch and Housego
30184677) and TBPF (Agilent FOTF-26120131) provide temporal and frequency fil-
tering, and an isolator (Ascentta PMVISX-1064-PM1060L-B-10-NE) protects the
stage from backward-propagating signals (each component is comprised of 10-µm
core diameter passive fiber to ensure large mode areas and combat nonlinearity). Fi-
nally, another 1% coupler (Agilent FCPT-220110321) is used to monitor forward and
backward performance.
The final stage is essentially the same as the amplification stage for the fixed-
wavelength source in the previous section. A (6+1)x1 TFB (Neptec PMPC(6+1)X1-
034) is used to couple signal and pump light to a 1 m segment of highly-doped 25-µm
core diameter double-clad ytterbium-doped gain fiber (Liekki Yb1200-25/250DC-PM)
terminated with an angle-cleaved end cap. The stage is pumped by a 25 W multi-
mode pump diode (Oclaro BMU25B-975-01-R). The “pump dump” as well as the
pump diodes for stage 2 and 3 are water cooled to ensure optimum performance. The
output of the laser is collimated through a polarizing isolator (EOT 110-21052-0001)
which is aligned to the stress rods of the third stage gain fiber. Finally, a bandpass
filter (Semrock LL01-1064-25) is used to remove any out-of-band frequency content.
Thus far the wavelength-tunable pump source has only been used for the exper-
iments discussed in Sec. 9.2. In this configuration, the operation wavelength was
1047.6 nm, the pulse duration was 1 ns at full-width at half maximum (FWHM), and
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Figure 7·7: (a) Output spectrum and (b) pulse profile for the
wavelength-tunable system operated at λ = 1047.5 nm, for a 1 ns pulse
duration and a 5 kHz repetition rate.
the repetition rate was 5 kHz. The spectrum and pulse profile of the laser in this
configuration are shown in Fig. 7·7(a) and (b) respectively. The system is capable
of a maximum peak power of approximately 100 kW in this configuration before the
onset of significant SPM and ASE.
7.3 Summary
This chapter summarizes the two laser sources used for FWM experiments in this
thesis. While both systems are capable of producing peak powers of ∼100 kW neces-
sary for driving FWM interactions, the wavelength-tunable source has the advantage
of flexibility in operation wavelength, pulse duration, and repetition rate. Currently,
this system is being operated at 1047.6 nm with a 1 ns pulse duration and a 5 kHz
repetition rate, where SPM limits further peak power.
As discussed in Sec. 9.2, this configuration was suitable for demonstrating the si-
multaneously wideband and broadband dual-mode-pumped FWM process, however,
the overall pump depletion was limited to approximately the same regime as the ex-
periments pumped by the Q-switched pulses from the fixed-wavelength pump source.
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This limitation is likely due to the shape of the pulse (Fig. 7·7(b)). The initial pulse
launched into the amplifier chain was pre-compensated with a negative linear tilt in
order to achieve “flat top” pulses at the output of the system, however, the duration
of the pulse is comparable to the rise and fall time of the EOM leading to a Gaussian-
like, rather than rectangular pulse and degradation in overall pump depletion (see
Sec. 8.3).
In order to increase pump depletion, the pulse duration will need to be increased
such that it is significantly longer than the rise time of the EOM. In this long
pulse regime, the chief difficulty will be mitigating SBS. Initial experiments suggest
that with the current system architecture, doubling the pulse duration to 2 ns will
result in a three-fold decrease in peak power due to decrease in the SBS threshold.
Incorporating a phase modulator to the broaden the laser line width may be sufficient
for increasing the threshold for SBS in the following stages, allowing for high peak
power operation with longer duration “flat top” pulses.
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Chapter 8
Monomode Four-Wave Mixing
This chapter describes four-wave mixing (FWM) experiments in the monomode regime,
meaning that while all the participating modes are of higher order, all interacting
waves (pump, Stokes, anti-Stokes) are within a single transverse mode. As described
in Sec. 3.2.1, phase matching for monomode processes ultimately depends on the
dispersion at the pump wavelength, allowing for two potential regimes: near-zero
anomalous dispersion leading to broadband parametric gain near the pump wave-
length, or near-zero normal dispersion leading to narrowband gain at wavelengths
farther from the pump. The experiments in this chapter highlight the bandwidth
trade off inherent for monomode FWM.
The first section of this chapter details experiments in the anomalous dispersion
regime via the LP0,7 mode of the dual-core fiber (Sec. 6.1). These proof-of-principle
experiments were carried out in conjunction with Dr. Paul Steinvurzel, and demon-
strated power-scalable modulation instability in an all-glass optical fiber pumped in
the ytterbium band, leading to wavelength tunable frequency generation between
1030 and 1045 nm, as well as 1101 and 1184 nm. The second section describes
FWM experiments conducted in the normal dispersion regime, leading to two laser
sources operating with ∼10 kW peak-power quasi-continuous-wave output pulses at
wavelengths of 880, 974, 1173, and 1347 nm. The normal dispersion regime is thus
compatible with generating high peak power laser sources at wavelengths across the
near-infrared, and, through second harmonic generation (SHG) at the output of the
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fiber, potentially the visible regime as well. The final section of the chapter discusses
power-scaling and efficiency for monomode parametric sources.
8.1 Anomalous dispersion optical parametric amplifier
The design of a nonlinear frequency conversion system is driven by the desired out-
put bandwidth, which in the monomode case, amounts to careful engineering of the
dispersion at the pump wavelength (Sec. 3.2.1). If broadband parametric gain is
desired, for wavelength tunable operation (Hansryd et al., 2002), supercontinuum
generation (Ranka et al., 2000), broadening the bandwidth of fiber-based frequency
combs (Washburn et al., 2004), or another potential application, then anomalous dis-
persion is required. As discussed in Sec. 2.2, achieving anomalous dispersion in fibers
at wavelengths in the Yb regime (∼1 µm) requires offsetting the normal material
dispersion of the fiber with significant anomalous waveguide dispersion.
Anomalous dispersion can be obtained below 1300 nm in photonic bandgap fibers
(Luan et al., 2004; Petersen et al., 2013) where periodic raised index structures in the
fiber’s cladding result in resonant guidance, and regions of normal, anomalous, and
zero dispersion. However, light is only guided in narrow-band regions in these fibers,
and the edges of the guiding band result in significant higher-order dispersion. As
such, the bandwidth over which FWM can be achieved is limited. Additionally, one
can design fibers where for a specific wavelength range, a higher order mode (HOM)
transitions from the outer guiding region (defined by a trench and ring in the refractive
index profile) into the core, resulting in wavelength bands with anomalous dispersion
(Ramachandran et al., 2006a). However, the bandwidth of these anomalous regions
is limited, and this transition effect is only appreciable for fibers with small core
diameters – limiting power scaling (discussed in detail in Sec. 2.2). Finally, photonic
crystal fibers (PCFs) can provide anomalous dispersion for the fundamental mode over
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broad wavelength bands (Knight et al., 2000; Stone and Knight, 2008; Jiang et al.,
2006; Harvey et al., 2003; Harvey et al., 2007), however, operating with anomalous
dispersion in these waveguides requires shrinking the mode area and thus limiting the
power-handling capability of the fiber.
This trade-off between anomalous dispersion and large effective area (Aeff) does
not exist for well-confined (i.e. non-transitioning) LP0,m modes in single step-index
multi-mode fibers (MMFs) because these parameters are decoupled (as discussed in
Sec. 2.2). For example, in the fiber used for the following experiments (dual-core
outer diameter (OD) 130 µm, Sec. 6.1.1), seven LP0,m modes are stably guided at
the pump wavelength, allowing for dispersion ranging from −16 to +32 ps/nm-km
while maintaining effective mode areas >600 µm2 (>40× that of a PCF with similar
dispersion characteristics, (Stone and Knight, 2008)). Furthermore, by scaling the
diameter of the fiber, Aeff can be increased further while modes with anomalous
dispersion continue to exist (Sec. 2.2.2), making this platform ideal for power-scalable
nonlinear frequency conversion.
FWM experiments in the anomalous dispersion regime were facilitated using the
setup shown in Fig. 8·1(a). The pump laser is a Q-switched neodymium-doped
yttrium-aluminum garnet (Nd:YAG) laser amplified by large mode area (LMA) yt-
terbium doped gain fiber, as described in Sec. 7.1. The laser produces 0.5-ns pulses
at 1064 nm with >100 kW peak power at a 19.5 kHz repetition rate. A wavelength-
tunable fiber laser acts as a seed for FWM, comprising three successive ytterbium-
doped amplification stages with intermittent acousto-optic modulators (AOMs) (τ =
8 ns, λ = 1030-1045 nm, peak power = 100-200 W). The pump laser has repetition
rate instability on the order of 1%, therefore a 100-m delay line is used such that seed
pulses are synchronized to the same pump pulse which initiated the trigger signal,
thus eliminating any timing jitter.
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The two lasers are combined using a beam splitter and coupled into the core of
the fiber under test (FUT) with roughly 0.5 dB of loss for each laser. A long period
grating (LPG) inscribed approximately 5 cm from the facet of the fiber converts the
fundamental mode to LP0,7. The spectrum of the LPG (measured by butt-coupling
the input and output of the FUT to single-mode fiber) is shown in Fig. 8·1(b). The
spectrum is somewhat distorted by unmitigated multi-path interference (MPI) due
to LP1,1 content in the fiber’s core (as discussed in Sec. 6.1). Mode conversion at
the pump wavelength is 24 dB (99.6%), however, in the seed range (1030-1045 nm),
conversion is only 0.7-2.5 dB (14.9-43.8%). A broadband chirped grating or turn-
around point (TAP) grating would have been preferable for mode conversion in this
case, however, MPI made grating optimization beyond the fabrication of a simple
device untenable. The dispersion of the LP0,7 mode in this fiber is 5.4 ps/nm-km at the
pump wavelength. The output of the fiber is characterized using an optical spectrum
analyzer (OSA), a silicon camera, a power meter, and a sampling oscilloscope.
Because the core of the fiber is multi-moded, preferentially exciting the funda-
mental mode through free space input coupling is not trivial. In practice, the most
effective method for sample alignment was to maximize the relative strength of the
Stokes signal (as measured by the OSA). Despite this feedback, the mode image at
the pump wavelength is somewhat distorted (Fig. 8·1(c)) suggesting parasitic mode
content. Specifically, the first two rings of the mode are visibly brighter than ex-
pected. These rings overlap with the core of the fiber, suggesting that the increased
brightness and reduced visibility is likely due to the presence of residual core-guided
modes (LP1,1 and LP0,1).
When only the pump laser is coupled into the sample fiber, the output spectrum is
consistent with spontaneous modulation instability (MI) gain (blue line Fig. 8·2(a)),
as expected for the anomalous dispersion regime (Sec. 3.2.1). The anti-Stokes gain
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Figure 8·1: (a) Setup used for parametric frequency conversion. (b)
LP0,7 LPG spectrum. (c) Mode image at the pump wavelength. Re-
produced from Fig. 2 in (Steinvurzel et al., 2014).
peak is centered at 1030 nm, and the Stokes gain peak is centered at 1101 nm. For
a pump wavelength of 1064 nm, the Raman gain peak occurs at ∼1114 nm – thus
Raman gain in the Stokes band is non-negligible.
The spectrum of the seed laser (λ = 1030 nm) measured at the output of the test
fiber is shown in Fig. 8·2(a) with a corresponding mode image shown in Fig. 8·2(b).
The image shows that the beam is highly multi-moded due to the poor conversion
efficiency of the LPG at this wavelength. When both the seed and pump are coupled
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Figure 8·2: (a) Conversion spectra for an anti-Stokes wavelength of
1030 nm; blue line corresponds to spontaneous MI with the seed turned
off, red line corresponds to the spectrum of the anti-Stokes seed, black
line is the spectrum with the pump and seed both turned on. (b) Mode
images for different wavelengths. (c) Measured pump pulse at 1064 nm
with (red line) and without (black line) the seed. (d) Measured Stokes
pulse at 1101 nm. Reproduced from Fig. 3 in (Steinvurzel et al., 2014).
into the fiber, FWM results in the transfer of energy from the pump to a Stokes wave
at 1101 nm. The mode image at this wavelength corresponds to an ideal LP0,7 mode
with no evidence of parasitic mode content. Only the LP0,7 monomode FWM process
is phase-matched, so only LP0,7 photons can be created at this wavelength. In this
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sense, FWM acts a nonlinear beam “clean up” mechanism.
Fig. 8·2(c) shows a measurement of the output pulse in the time domain with a
1064-nm bandpass filter, for the case where the seed laser is turned on and off. The
magnitude of the y scale has been calculated using the average output power and
repetition rate of the pump laser. When the seed is present (red line), the center
of the pulse is depleted over a region of several hundred picoseconds, resulting in
a 230-ps pulse at the Stokes wavelength (Fig. 8·2(d)). Because the pump pulse is
Q-switched and has significantly long rise and fall times, the threshold for efficient
frequency conversion is only met for the most intense regions of the pulse, leading
to reshaping of the converted pulses and degradation in overall efficiency. In this
experiment, the evidence for this argument is less obvious due to the noisy, highly
oscillatory pulses measured at the output of the fiber. The noise in this instance is
because the single-mode pickup fiber for the detector used to measured these pulses
acted as a mode-selective element, thus the interplay between self-phase modulation of
the dominant mode and MPI due to parasitic mode content at the pump wavelength,
caused oscillations in the measured pulses. This problem was mitigated in later
experiments (see the next section) where a free space detector was used in order to
remove mode selectivity.
In Fig. 8·3, the anti-Stokes seed wavelength is tuned from 1030 nm (a), to 1045 nm
(d) in 5-nm increments. A maximum conversion of 25.6% is obtained for 1030 nm
where the seed is coincident with the MI peak. At longer seed wavelengths, the con-
version suffers, partially due to the decrease in MI gain, and partially because the
optical signal to noise ratio (OSNR) of the seed laser decreases due to amplified spon-
taneous emission (ASE) at wavelengths >1030 nm. The peak of the ASE spectrum
from the seed laser is coincident with the MI gain peak, leading to a continuum-like
response with multiple cascaded side-bands, decreasing the efficiency of conversion
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Figure 8·3: PFC spectra for seeding at (a) 1030 nm, (b) 1035 nm, (c)
1040 nm, and (d) 1045 nm. Reproduced from Fig. 4 in (Steinvurzel
et al., 2014).
to the Stokes wave. Over the full tuning range, the pump conversion ranges from
10-25%. The total bandwidth between the anti-Stokes and Stokes lines is 71 nm.
There is a marked asymmetry between the Stokes and anti-Stokes conversion for
each of the seed wavelengths shown in Fig. 8·3. The Stokes line contains roughly 5-
10 dB more power in each case. Considering that the anti-Stokes seed pulse is 16-times
wider than the pump (FWM only occurs when the seed and pump are coincident),
and the mode content at the anti-Stokes wavelength is not purely LP0,7 (only LP0,7
photons can participate in the FWM process), the actual discrepancy in conversion is
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likely larger. The Stokes wavelengths (1101, 1095, 1089, and 1084 nm) are within the
gain bandwidth for simulated Raman scattering (SRS) (the Raman gain peak occurs
at λ = 1114 nm for a 1064-nm pump) which is the likely cause of the extra gain
at the Stokes wavelength. From the perspective of maximizing power at the Stokes
wavelength, SRS is cooperative in this instance and simply leads to better conversion
efficiency. The Raman effect can however degrade the phase relationship between
the Stokes and anti-Stokes waves which could decrease the utility of this system for
frequency conversion of modulated signals. Furthermore, were the Stokes wave tuned
far outside the Raman gain bandwidth, SRS might compete with FWM rather than
cooperate.
8.2 Normal dispersion optical parametric amplifiers
While the broadband parametric gain capability of the anomalous dispersion regime
is attractive for wavelength-tunable operation, a crucial drawback is that the gain
bandwidths are typically centered at wavelengths near the pump. In fact, in the
demonstration in the previous section, each generated Stokes and anti-Stokes wave-
length could likely be created directly from a Yb-doped fiber laser. Given that a key
application of parametric frequency conversion (PFC) is to generate light at otherwise
hard to reach wavelengths, larger wavelength separations are required, and thus we
must consider the normal dispersion regime.
For normal pump dispersion, the magnitude of the dispersion determines both
the wavelength separation of the Stokes and anti-Stokes from the pump, as well as
the bandwidth of the gain: increasingly normal dispersion leads to wider separations
and simultaneously narrower gain bandwidths. One consequence of narrow paramet-
ric gain bandwidths is that wavelength-tunable operation would require tuning the
pump and seed wavelengths synchronously – complicating the system architecture.
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In addition, narrow band processes are subject to inefficiency due to fluctuations
along the length of the fiber. Changes in the fiber’s outer diameter cause changes in
dispersion, and accordingly, the gain bandwidth can shift in wavelength, disrupting
growth of the seed and depletion of the pump. However, provided that the appli-
cation in question allows for a fixed-wavelength output, that the fiber can be made
with relatively little OD fluctuation, and that the pump laser is sufficiently powerful
to drive the process to completion within a short length of fiber (limiting the effect of
any minor OD fluctuations), parametric sources in the normal dispersion regime are
attractive for generating high peak power light at novel colors outside the bandwidth
of existing fiber lasers.
A key application of high-peak power fiber sources in the near-infrared is as inter-
mediary sources which can in turn be frequency-doubled to reach the visible portion
of the spectrum. While many applications exist for high power visible light from a
fiber laser geometry, including blue light for underwater communications and sensing
(Akyildiz et al., 2005), yellow light for sodium guidestar adaptive optics calibration
(Max et al., 1994), or light sources for next-generation semiconductor lithography
(Haske et al., 2007), fiber lasers in the visible portion of the spectrum remain sub-
stantially less mature than those operating in the near-infrared. The main limitation
for visible operation is that suitable dopants do not exist for direct lasing at these
wavelengths, thus frequency conversion is a crucial step for developing fiber laser
systems in this wavelength regime. Currently, the most viable approach is the use
of SHG at the output of a ytterbium-doped fiber laser by employing a χ(2) crystal,
thus allowing for a high power source of green light (5XX nm). While such systems
are robust and widely commercially available, they cover only a small portion of the
visible spectrum.
To address this problem, many schemes have been proposed for extending the
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bandwidth of fiber lasers in the near-infrared (800-1400 nm) in order to cover the en-
tire visible spectrum via SHG. One approach has been to attempt to broaden the op-
erating bandwidth of ytterbium-doped fiber lasers both above (as high as ∼1180 nm)
and below (towards ∼975 nm) the typical emission range through suppression of the
dominant laser transitions. Strategies to this end have included ring-doping (Nilsson
et al., 1998), spectral filtering (Boullet et al., 2008; Boullet et al., 2010), microstruc-
turing (Shirakawa et al., 2009), or heating (Kurkov, 2007). Additionally, fiber lasers
employing other dopants such as neodymium (9XX) or bismuth (12XX) have been
used to operate at non-traditional near-infrared wavelengths (Kim et al., 2005; Wang
et al., 2006; Dianov et al., 2007). While all of the approaches successfully lead to
broader near-infrared spectral coverage, and in some cases considerable peak power,
they all typically suffer from ASE noise due to incomplete suppression of dominant
laser transitions, as well as broad line widths and low gain.
Alternatively, one could consider a system based on a conventional fiber laser
with two subsequent stages of nonlinear frequency conversion, such that the first
stage uses some means of nonlinear frequency conversion to generate arbitrary wave-
lengths in the near-infrared, and the second stage uses SHG to reach the visible.
The merits of such a system are thus dependent on the design of the intermediary
stage. Frequency-quadrupling of thulium fiber lasers has been used to generate high-
peak-power blue light (Honea et al., 2013). However, this approach is limited by
the alignment-sensitivity of two free-space crystal stages, and is not applicable to the
entire visible spectrum due to the finite bandwidth of thulium. Stimulated Raman
scattering can also be used as an intermediary stage (Georgiev et al., 2005), however,
the Raman effect provides gain only for wavelengths longer than the pump, limit-
ing near-infrared output to wavelengths of ∼1 µm and above, and thus restricting
coverage of the visible.
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Here we consider using a parametric source based on FWM in the normal disper-
sion regime as an intermediary stage to generate light across the near-infrared portion
of the spectrum. This goal can be achieved using PCFs where in fact, operating in
the normal dispersion regime can relax the need for extremely small mode areas. So
called “large mode area” PCFs have been demonstrated for high peak power wave-
length conversion (Nodop et al., 2009; Lavoute et al., 2010). However, large normal
dispersion limits the output wavelengths for these systems to ∼700 nm, a wavelength
range that is still far from target wavelengths in the visible, and yet is too short for
frequency-doubling. Increasing the output wavelength to the 800-1400 nm regime
requires shrinking the mode area, limiting power-handling to sub-kW levels (Mosley
et al., 2011; Murray et al., 2013).
A HOM-based parametric source does not suffer from this limitation as the dis-
persion and mode area are not coupled. Therefore, power-scalable operation at wave-
lengths across the near-infrared, including the entirety of the crucial 800-1400 nm
band, is possible. In the following subsections, we describe two parametric sources
(source A and source B), each based on FWM in a HOM. Parametric source A uses
the LP0,7 mode of the high NA fiber (Sec. 6.1), and has ∼300 ps output pulses at 974
and 1173 nm (corresponding to the blue and yellow portions of the visible spectrum
via SHG) with 16.2 and 14.7 kW peak powers respectively. Source B uses LP0,6 in
the step-index fiber to generate ∼300 ps pulses at 880 and 1347 nm (blue and red
wavelengths in the visible) with 10.0 and 6.4 kW peak powers respectively.
8.2.1 Parametric source A
A schematic of the setup used for parametric source A is shown in Fig. 8·4. The pump
laser is a Q-switched Nd:YAG laser amplified by 1.5 m of polarization-maintaining
large-mode-area ytterbium-doped fiber (as described in Chap. 7), which emits 0.5-ns
pulses with a repetition rate of 19.5 kHz at a wavelength of 1064 nm. The maximum
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peak power of the pump (incident on the spatial light modulator (SLM)) is 87 kW.
The seed laser for this experiment is a fiber-pigtailed diode laser emitting ∼500 mW
of continuous-wave (CW) light at 974 nm (3SP 3CN01178EA). SLMs in both the
pump and seed arms allow for selective excitation of the LP0,7 mode at the pump
and seed wavelengths via binary phase plates (Sec. 5.3) with coupling efficiency of
50-60% for the pump, and 30-35% for the seed. Note that while this experiment
used SLM-based coupling for ease of alignment, we have subsequently verified that
axicon coupling can be used to improve coupling efficiency, and the pump and seed
are actually sufficiently close in wavelength that a single axicon can be used to excite
both the pump and seed modes. The pump and seed beams are combined via a
dichroic mirror (Chroma T1020PXR-BCM). The amplifier output is characterized
using spectral bandpass filters, an OSA (Ando AQ6317), a thermal power meter
(Coherent PowerMax-USB), a silicon camera (Thorlabs DCC1645C), a high-speed
detector (Thorlabs DET08C) and an oscilloscope (Agilent 86100A).
Figure 8·4: (a) Setup schematic. (b) Pump spectrum. (c) Pump
pulse. Reproduced from Fig. 1 in (Demas et al., 2017).
Parametric source A is comprised of 1.5 m of high NA fiber (described in Sec. 6.1,
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facet image and refractive index profile shown in Fig. 8·5(a) and (b) respectively).
For this portion of the draw, the core diameter is 47.5 µm and the first fourteen LP0,m
modes are guided at the pump wavelength. Fig. 8·5(c) and (d) show the effective area
and dispersion for the LP0,7 mode of this fiber. At the pump wavelength (1064 nm),
the dispersion is slightly normal (−0.1 ps/nm-km) allowing for parametric gain at
wavelengths further from the pump than the experiments shown in Sec. 8.1, with
similarly large effective area (537 µm2).
Fig. 8·5(e) shows simulated phase matching (∆β) for a monomode process pumped
at 1064 nm in the LP0,7 mode. FWM gain is expected for all values of ∆β where
−4γP > ∆β > 0 (marked by the shaded yellow region in Fig. 8·5(e)), where γ is
the nonlinear coefficient (as described in Sec. 3.2.1), and P is the peak power of the
pump. Maximum small signal parametric gain occurs for the case where ∆β = 2γP
(given by the dashed black line in Fig. 8·5(e)), thus the wavelength for which small
signal gain is maximized depends on the peak power of the pump. Fig. 8·5(f) shows
simulated small signal parametric gain (calculated for 1.5 m of fiber) as a function
of wavelength for different pump peak powers. As pump power decreases, the gain
regions move in towards the pump wavelength. Over the course of an efficient FWM
process, the pump is depleted as it is transferred to the Stokes and anti-Stokes waves.
This suggests that the initial small signal gain peak may not be the best wavelength
to seed in order to achieve efficient pump depletion because the small signal gain
peaks will shift in wavelength over the length of the fiber. In order to rigorously
model this process, one must account for the offset in the phase mismatch due to
the self-phase and cross-phase modulation of the Stokes and anti-Stokes waves, which
are non-negligible in the depleted pump regime (Steffensen et al., 2011); nonetheless,
both the simple intuition provided by the small signal gain picture and the analytical
model accounting for pump depletion agree that the seed must be detuned to the
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pump side of the small signal gain peak in order to achieve efficient pump extraction.
Figure 8·5: (a) Facet image and (b) measured refractive index pro-
file of the FUT for FOPA source A. (c) Simulated dispersion for the
LP0,7 mode of the test fiber; dashed vertical line designates pump wave-
length. (d) Simulated Aeff for the LP0,7 mode of the FUT with simu-
lated mode image inset. (e) Simulated phase matching for LP0,7 pump-
ing at 1064 nm. (f) Simulated small signal gain for LP0,7 pumping of a
1.5-m test fiber at 1064 nm vs. pump peak powers ranging from 5 to
40 kW. Reproduced from Fig. 2 in (Demas et al., 2017).
The proper detuning can be determined by sweeping the seed wavelength until
pump depletion is maximized. Alternatively, if the seed wavelength must be fixed,
the pump wavelength can be swept in order to change the pump’s dispersion and
thus ∆β, moving the small signal gain peak to achieve the proper detuning from
the seed and maximize pump depletion. In our case, both the seed wavelength and
pump wavelength were fixed by the lasers available to us in the lab. We therefore
tested multiple samples of the high NA fiber with slightly different diameters (and
thus different dispersion and phase matching) in order to maximize pump depletion.
Fig. 8·6(a) shows the spectrum of the seed laser for parametric source A (λ =
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Figure 8·6: (a) Seed spectrum and (b) output spectra for parametric
source A. Mode images for the anti-Stokes, pump, and Stokes waves
inset above (b). Reproduced from Fig. 3 in (Demas et al., 2017).
974 nm, ∆λ = 0.4 nm). The red curve in Fig. 8·6(b) is a spectrum of the spontaneous
parametric fluorescence from the fiber for the case where the pump (P = 41 kW)
is coupled through without the seed. The small signal gain peaks occur at ∼950
and ∼1200 nm, in good agreement with the simulations in Fig. 8·5(f). The seed is
detuned 18 nm from the small signal gain peak which was found, experimentally, to
correspond to maximum pump depletion. The pump experiences depletion, causing
parametric amplification of the seed and generation of a Stokes wave at 1173 nm.
Both the outputs at 974 and 1173 nm have narrow spectral widths (0.4 nm at 974 nm,
0.5 nm at 1173 nm) consistent with the bandwidth of the initial seed laser (0.4 nm),
suggesting that the amplifier causes no appreciable broadening. Mode images for
the pump, Stokes and anti-Stokes waves are inset above the spectra in Fig. 8·6. All
waves appear in the LP0,7 mode, consistent with our expectation for a well-behaved
monomode FWM process.
The efficiency of the amplifier was calculated from the average of power of the con-
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stituent waves. The pump was depleted by 32%, with 17.9% of the power transferred
to the anti-Stokes wave and 15.3% to the Stokes wave. As discussed in Sec. 3.1, FWM
processes conserve photon number, thus the discrepancy in power transfer efficiency
is due to the difference in wavelengths, and thus photon energy, between the Stokes
and anti-Stokes waves. If we normalize by the constituent wavelengths, the photon
to photon transfer efficiencies are 16.4% and 16.9% for the anti-Stokes and Stokes
waves respectively, in good agreement with each other and the measured pump de-
pletion. Given that all power depleted from the pump is accounted for in the Stokes
and anti-Stokes waves, the amplifier seems to operate without significant degradation
due to parasitic nonlinearities such as unwanted FWM products or stimulated Raman
scattering.
Figure 8·7: (a) Pump pulse temporal profiles with (blue) and without
(red) the seed. Measured anti-Stokes (b) and Stokes (c) pulse with
64-point running average. Reproduced from Fig. 4 in (Demas et al.,
2017).
Fig. 8·7(a) shows the measured pump pulse after the amplifier with (blue curve)
and without (red curve) the seed. The difference between the curves corresponds to
depletion of the pump, which is limited to only the region surrounding the peak of
the initial pump pulse. As discussed in the previous section, this is a consequence
of the Q-switched pulse shape – a significant portion of the pump’s energy does not
have sufficient instantaneous peak power to drive the FWM process, thus the “wings”
of the pulse remain and overall depletion suffers. The following section discusses the
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influence of pulse shape on efficiency, but generally, using a “top hat” pulse shape
will increase the uniformity of depletion and increase the amplifier’s efficiency. While
the total transfer of the pump to the Stokes and anti-Stokes is fairly low, the peak
depletion at the center of the pulse approaches 73%, thus leading to high peak output
powers.
Fig. 8·7(b) and (c) show the measured output pulses for the anti-Stokes (λ =
974 nm) and Stokes (λ = 1173 nm) waves where each measurement corresponds to a
64-point running average on the oscilloscope. The output pulses have significantly dif-
ferent shapes and durations (304 ps and 287 ps for the Stokes and anti-Stokes respec-
tively) than the pump pulse, due to narrow interaction region evident in Fig. 8·7(a).
The calculated peak powers for the Stokes and anti-Stokes pulses are 14.7 and 16.2 kW
respectively, where the discrepancy is again due to the relative photon energies. The
peak parametric gain at the seed wavelength is nearly 50 dB.
Interestingly, the dip in the depleted pulse (blue curve, Fig. 8·7) is not perfectly
temporally synched to the peak of the input pulse (red curve). It is possible that the
offset is due to a measurement artifact – either from some detector ringing, or some
residual effects of MPI in the pulse measurement. Another possible explanation is
that the length of the fiber and input pump power are such that power in the Stokes
and anti-Stokes pulses has begun to transfer back to the pump. This might even
explain the oscillation on top of both the anti-Stokes and Stokes pulses. In further
experiments, the use of flat-top input pump pulses may provide insight into how the
pump is being depleted along the length of the fiber.
8.2.2 Parametric source B
Parametric source B employed the same setup as source A (Fig. 8·4), with a few minor
changes. The pump source used in these experiments is based on standard rather
than polarization-maintaining fiber, and thus operates with a poorer polarization
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extinction ratio and less available power (63 kW prior to SLM1, as opposed to 87 kW
for parametric source A). The test fiber is 3 m of the step-index fiber (Sec. 6.1, facet
image and refractive index profile in Fig. 8·8(a) and (b) respectively) and the mode of
operation is LP0,6. The seed laser is a solid state Ti:Sapphire laser (Spectra Physics
Mai Tai) operated in CW mode at λ =880 nm with ∼200 mW of power. Note that a
fiber-pigtailed diode laser would be ideal for this amplifier (as was the case with the
parametric source A), however, we were limited by the equipment available.
Figure 8·8: (a) Facet image and (b) measured refractive index pro-
file of the FUT for FOPA source B. (c) Simulated dispersion for the
LP0,6 mode of the test fiber; dashed vertical line designates pump wave-
length. (d) Simulated Aeff for the LP0,6 mode of the FUT with simu-
lated mode image inset. (e) Simulated phase-matching for LP0,6 pump-
ing at 1064 nm. (f) Simulated small signal gain for LP0,6 pumping of
a 3-m test fiber at 1064 nm vs. pump peak powers ranging from 5 to
40 kW. Reproduced from Fig. 5 in (Demas et al., 2017).
Fig. 8·8(c) and (d) show the simulated dispersion and Aeff of the LP0,6 mode
of the test fiber for parametric source B. The Aeff is similar to that of source A
(577 µm2 vs. 537 µm2) while the dispersion is more normal (−1.5 ps/nm-km vs
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−0.1 ps/nm-km). Accordingly, the simulated phase matching (Fig. 8·8(e)) shows
significantly larger curvature near the pump wavelength due to the increased normal
dispersion, and the necessary wavelength separation for the fourth-order dispersion
to become appreciable and mediate phase matching is wider than that of the previous
source. Fig. 8·8(f) shows the simulated small signal gain for source B as a function of
wavelength for different peak pump powers. In addition to a wide separation between
the gain peaks, the gradient of the phase matching condition within the gain region
(yellow shading, Fig. 8·8(e)) is steeper, reducing the width of the gain peaks relative
to those of the previous source. This sharp gradient results in significantly less shift in
the wavelength of the gain bandwidths as the pump peak power changes. Therefore
the depletion of the pump is less sensitive to detuning between the small signal gain
peak and the wavelength of the seed laser.
Figure 8·9: (a) Seed spectrum and (b) output spectra for parametric
source B. Mode images for the anti-Stokes, pump, and Stokes waves
inset above (b). Reproduced from Fig. 6 in (Demas et al., 2017).
Fig. 8·9(a) shows the spectrum of the seed laser. The laser in this case is wavelength-
tunable, and the optimum wavelength for maximum pump depletion is 880 nm. The
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bandwidth of the laser is fairly large (0.8 nm) because the laser was designed for mod-
elocked rather than CW operation. The red curve in Fig. 8·9(b) shows the measured
spontaneous parametric fluorescence when 33 kW of pump power are coupled to the
test fiber with the seed turned off. Narrow peaks are evident at 880 nm and 1347 nm,
in good agreement with the simulated small signal gain in Fig. 8·8(f). The blue curve
in Fig. 8·9(b) corresponds to the output spectrum of the source when the pump and
seed are combined. The amplified anti-Stokes wave and the generated Stokes waves
broaden in wavelength relative to the bandwidth of the seed laser, and similar broad-
ening occurs at the pump wavelength as well. Broadening does not appear at the
pump wavelength when the process is un-seeded, so this broadening is not likely due
to self-phase modulation of the pump; instead it appears to be somehow related to
the actual FWM process. While the source of the broadening remains an open ques-
tion, the majority of its effect occurs ∼10 dB below the peak of the laser line, and
the full-width at half maximum (FWHM) of the amplified anti-Stokes line (0.9 nm)
is comparable to the line width of the initial laser. The measured pump depletion for
parametric source B is 30.4% with 18.9% of the power transferred to the anti-Stokes
wave, and 11.5% transferred to the Stokes wave. The photon-to-photon efficiencies
(15.7% and 14.8% for the anti-Stokes and Stokes respectively) are in good agreement
with one another and the measured pump depletion, indicating that the pump power
is well accounted for and the source is free of any parasitic nonlinearities.
Fig. 8·10 shows the measured pulses for the anti-Stokes (a) and Stokes (b) waves
with a 64-point running average. At the time of these experiments, we had not yet
obtained the detector used to measure the pump for parametric source A, so the
pump pulse measurement was subject to the same oscillations shown in Fig. 8·2(c) in
the previous section. Note that because of the nonlinear beam clean up phenomenon,
the Stokes and anti-Stokes pulses have excellent mode purity and thus MPI does not
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Figure 8·10: (Measured anti-Stokes (b) and Stokes (c) pulse with
64-point running average. Reproduced from Fig. 7 in (Demas et al.,
2017).
cause any issues for the pulse measurements. The measured anti-Stokes and Stokes
pulses are once again shaped and shorter in duration (386 ps and 363 ps for the anti-
Stokes and Stokes respectively) than the input pump pulse (Fig. 8·4(c), 550 ps). The
corresponding peak powers are 10.0 kW for the anti-Stokes pulse, and 6.2 kW for the
Stokes pulse, corresponding to 49 dB of parametric gain.
8.3 Power scaling and efficiency
In all three of the experiments presented in this chapter, the peak power available
from the pump laser limited the outputs to the ∼10 kW regime. Additionally, the
Q-switched pulse profile of the pump hurt the overall efficiency, limiting us to 25-
32% pump depletion. This section discusses further scaling of the pump peak power
and the upper limit imposed by dielectric breakdown of the material, as well as the
influence of the pump pulse shape on overall FWM efficiency.
8.3.1 Power scaling
The power handling of a mode in a given fiber is proportional to the maximum local
intensity, rather than a simple function of the mode area or the fiber’s core size. This
means that while HOMs used for this experiments may have modal areas >40× those
of PCFs with similar dispersion characteristics, we do not expect the power handling
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to increase by the same factor. Instead, the intensity structure of the mode must be
considered.
For example, Fig. 8·11 shows two-dimensional simulated mode images ((a) and
(b)) and intensity line cuts ((c), log scale) for both the LP0,7 mode used in Sec. 8.1,
and the fundamental mode of the PCF described in (Stone and Knight, 2008) where
each field has been normalized to the same unit power. The damage threshold is
determined by the peak local intensity of the light in the fiber (Ramachandran et al.,
2008; Stuart et al., 1995), thus the power-handling capability of the LP0,7 mode is
scaled by a factor of ∼10 relative to the PCF (provided the material responses for
each fiber are the same). The threshold for dielectric breakdown in silica based fibers
is ∼ 300√
τ
GW/cm2 where τ is the pulse duration in units of nanoseconds. Therefore,
the maximum peak power a LP0,m mode can handle is a function of mode order, core
diameter and pulse duration. For the fibers described in this chapter, the dielectric
breakdown threshold corresponds to ∼300 kW of peak power, roughly 7× larger than
the pump power available for these experiments.
Despite the fact that power-handling does not scale directly proportionally to Aeff ,
there is still a relationship between the size of the fiber and the dielectric breakdown
limit, as well as the threshold for nonlinearity. Increasing the diameter of the fiber
means that the same dispersion properties can be achieved using an even higher
order mode. However, since the dielectric breakdown threshold is dependent on peak
intensity, which is also a function of mode order, simulations were conducted to
scale the diameter of a MMF (in this case, the dual-core fiber), and calculate the
properties of LP0,m modes as the effective area of the waveguide increased. For the
larger fibers, cases were found where a given mode had the same dispersion as the
LP0,7 mode used in these experiments (5.4 ps/nm-km). For each of these modes, the
nonlinear threshold (proportional to Aeff) and the damage threshold (proportional to
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Figure 8·11: Two-dimensional simulated mode images of the LP0,7
mode in dual-core fiber, OD 130 (a) and a typical PCF mode (b).
(c) Intensity line cuts of the modes in (a) and (b). (d) Scaling of
the nonlinear threshold and damage threshold as a function of fiber
diameter. Reproduced from Fig. 5 in (Steinvurzel et al., 2014).
local intensity) were calculated relative to the PCF. Fig. 8·11(d) shows the results
of this simulation. Both thresholds grow monotonically with increase in the fiber
diameter. The largest fiber diameter corresponds to Aeff of 5005 µm
2, and a damage
threshold of 994 kW. Fibers guiding modes with effective areas >6000 µm2 have
been previously demonstrated in the literature (Nicholson et al., 2012), so MW-scale
power-handling in the ∼100-ps pulse duration regime may indeed be feasible.
8.3.2 Efficiency scaling
For the sources shown in this chapter, the instantaneous depletion of the pump is
quite large (∼70% for parametric source A). Small improvements to the mode purity
or spectral density of the pump laser may provide some improvement here, but ul-
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timately there is little to be gained. However, the overall depletion (25-32%) can at
least partially be addressed by modifying the profile of the pump pulse to promote
uniform depletion of the pulse.
In the quasi-CW regime, dispersion of the pulse is negligible, so it can be instruc-
tive to think of each point in the pump pulse’s temporal profile as an independent CW
pump. Assuming an ideal system (perfect mode purity, longitudinally-invariant sam-
ple fibers), each of these CW pumps will fully deplete and transfer to the Stokes and
anti-Stokes at a given length in the fiber, after which point, as discussed in Sec. 3.1,
power will begin to transfer back into the pump. From this perspective, the challenge
of maximizing overall pump depletion is that of making each instantaneous portion
of the pump deplete at the same length in the fiber. The best case scenario is thus a
pulse which instantaneously rises to a constant peak power, and after some duration,
instantly falls to nothing – in other words, a perfectly rectangular pulse.
Figure 8·12: Pump pulses prior to (blue line) and after (red line)
FWM for (a) a Gaussian pulse and (b) a 24th-order super-Gaussian
pulse (τFWHM = 2 ns). (c) Overall pump depletion as a function of
super-Gaussian order.
Fig. 8·12 shows pump depletion for a simulation of the FWM process demonstrated
in parametric source B, calculated using a numerical split step code (Rishøj, 2012).
In Fig. 8·12(a), the input pulse (blue curve) has a Gaussian profile (FWHM = 2 ns)
with ∼20 kW of peak power. Maximum depletion occurs after 4.3 m of fiber, at
which point, the center of the pulse is depleted (red curve) in a similar fashion to
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the experiments in the previous sections and overall depletion is limited to 71.8%.
If we instead model the input pulse as a 24th-order super-Gaussian pulse (p(t) =
exp[−(t/τ)24]) with identical FWHM and peak power (blue curve, Fig. 8·12(b)), the
pulse is uniformly depleted and only a small portion of the wings are left behind,
leading to an overall depletion of 96.0%. Fig. 8·12(c) shows overall pump depletion
as a function of super-Gaussian order (where FWHM and initial peak power are held
constant). As order increases, the pulse becomes more like the ideal rectangular case
and depletion improves.
8.4 Summary
In the experiments described in the first section of this chapter, PFC was facilitated
using a monomode FWM process pumped at 1064 nm in the LP0,7 mode. The max-
imum conversion efficiency from the pump to the Stokes wave was 25.6%, resulting
in 230-ps output pulses with ∼20 kW of peak power at a wavelength of 1101 nm. In
the second section, two parametric sources based on FWM in the normal dispersion
regime were demonstrated with ∼300 ps output pulses at 880, 974, 1173, and 1347 nm
with ∼10 kW peak powers. The third section discussed power scaling for FWM pro-
cesses. All of the experiments in this chapter were limited by available pump power
– simulations suggest scaling the pump power by a factor of ∼7 should be possible
prior to the onset of dielectric breakdown. Furthermore, through Aeff-scaling with
larger diameter fibers, FWM processes supporting MW-scale pulses may be possible.
Finally, by utilizing a rectangular pulse shape, improving the overall depletion from
the 25-32% demonstrated should be possible.
While Sec. 8.3 confirms that the efficiency in our experiments suffered due to the
Q-switched envelope of the pump pulse, pulse shape does not entirely explain why
we were limited to only 25-32%. Simulations of the FWM process demonstrated
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in parametric source B using a Q-switched pump pulse indicate that overall pump
depletion of 72% should have been possible. The line width of the pump laser is likely
one cause of this discrepancy. There are two laser lines with similar power evident in
the laser spectrum (Fig. 8·4(b)), separated by ∼0.1 nm. Simulations indicate that a
0.1 nm shift in pump wavelength corresponds to a 1 nm shift in the small signal gain
peak for the anti-Stokes wave, which is significant enough of a shift to impact the
process efficiency. Fluctuations of the sample fiber OD may also play a role, as well
as the finite mode purity predicted by the binary phase plate (BPP) coupling system
(∼5% of the total power may reside in other modes). Future experiments will employ
a pump pulse with a “top hat” profile (Sec. 7.2), eliminating pulse shape as a variable
and allowing us to further analyze other causes of inefficiency in these systems.
One consequence of these experiments was the conclusion that the dual-core fiber
may be subject to longitudinal fluctuations of its outer diameter. The discrepancy
in the power measured at the Stokes and anti-Stokes wavelengths suggests that the
pump depletion was likely more to do with SRS than FWM. Since FWM should
have higher gain than SRS for an ideal fiber (Sec. 3.3), this result suggests that phase
matching is not continuous in this fiber. Given that repeatably fabricating LPGs in
this fiber was also challenging (Sec. 6.1.1), we have concluded that OD fluctuations
are likely the root cause of these problems. In further experiments, we were unable to
produce efficient normal dispersion parametric sources using the dual-core fiber or the
high NA fiber1, presumably for this same reason. We elected to use step-index fiber
for subsequent experiments where FWM was vulnerable to OD fluctuations (Sec. 9.2)
as this fiber proved to be the most length-wise homogenous of those available.
A key future direction for this research is to consider SHG at the output of these
monomode systems. As discussed in Sec. 8.2, the most viable method to create a
1Note that though the high NA fiber was sufficient for generating source A as described earlier in
this chapter, subsequent experiments involved Stokes to anti-Stokes separations of nearly an octave
where the process was substantially more sensitive to any fluctuations present.
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fiber laser operating in the visible portion of the spectrum is to frequency double an
existing fiber laser. Using seeded parametric amplification as an intermediary step, we
could potentially develop sources to cover the entire visible spectral range, specifically
targeting blue (4XX nm) and yellow (589 nm) wavelengths which have interesting
applications but are under-served by current commercial fiber laser technology. In
fact, the outputs of parametric source A are actually each ideally suited for creating
sources for underwater communications and sensing (974/2 → 487 nm) and sodium
guide star lasers (1173/2 → 587 nm).
While axicon-based HOM reconversion (Sec. 5.4) followed by conventional frequency-
doubling strategies would likely work for reaching the visible, the resulting system
may be somewhat alignment sensitive and overly complicated. Perhaps a more in-
teresting option would be to attempt to convert frequency and mode simultaneously
through non-collinear phase matching. Phase matching for SHG with a Bessel-like
beam is non-trivial given that the transverse component of the free space wave vector
is much larger than that for a Gaussian beam. However, there are two pump photons
for a SHG process, allowing for the transverse component of one to cancel that of the
other, leading to an on-axis Gaussian-like output beam. Provided that the crystal can
compensate the on-axis phase mismatch between the input pump photons and the
output second-harmonic beam (achieved in practice through heating of the crystal),
efficient conversion in frequency and mode can be achieved (simulations of this process
predict >90% frequency conversion to a Gaussian-like beam (Shatrovoy, 2015)). Such
a system, paired with a parametric source like the two described above, represents a
practical design for a high power fiber laser operating at visible wavelengths.
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Chapter 9
Intermodal Four-Wave Mixing
Where the previous chapter only considers four-wave mixing (FWM) interactions be-
tween waves belonging to a single mode order, this chapter considers the more general
case where modes of different orders can interact. As discussed in the introduction to
this thesis, if we liken modes to bounce angles in the fiber, then the ability to probe
nonlinear interaction between different modes is analogous to angle-tuning in χ(2)
crystals and thus represents an extra degree of freedom for achieving phase matching
relative to the monomode case.
As discussed in Sec. 3.2.2, the notion that modes (rather than dispersion) can
be used to compensate the phase mismatch is not a new idea: the earliest demon-
strations of FWM in optical fibers relied on intermodal interactions (Stolen et al.,
1974). Additionally, access to a basis set with many different interacting spatial
modes has motivated the use of multi-mode fibers (MMFs) for exploration of other
nonlinear effects as well. Recent experiments in fiber nonlinear optics (NLO) have
made use of multi-moded photonic crystal fibers (PCFs) (Konorov et al., 2004; Zwan
et al., 2013; Cherif et al., 2008; Tu et al., 2009; Poletti and Horak, 2008; Chen et al.,
2013), few-mode fibers (Cheng et al., 2012a; Essiambre et al., 2013; Pourbeyram
et al., 2015; Friis et al., 2016), and graded-index fibers (Pourbeyram et al., 2013;
Wright et al., 2015). While these demonstrations have underscored the versatility of
the multi-mode regime, they have yet to reach the same utility as frequency conver-
sion using free-space optical parametric amplifiers (OPAs) or even single-mode fiber
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optical parametric amplifiers (FOPAs).
Previous demonstrations of intermodal FWM and other nonlinear effects have
suffered from several common deficiencies: first, the mode groups employed in these
demonstrations typically consist of the fundamental mode and other low order modes,
including LP1,m modes, which are all highly likely to couple to neighboring modes
rather than propagate stably in the fiber. As a result, the key benefit of FWM in
optical fibers over crystal-based χ(2) nonlinear optics – long interaction lengths – is
negated. Additionally, in previous experiments, the mode excitation methods em-
ployed, typically limited to offset coupling, did not allow for deterministic excitation
of specific higher order modes (HOMs). Experiments were limited to interactions
between only a few, low order modes at best, and analysis was complicated by high
parasitic mode content. Finally, as discussed in Chap. 1, many early demonstrations
highlighted nonlinear processes with narrowband parametric gain, leading to the as-
sumption that intermodal interactions do not provide any advantages relative to the
monomode case.
These first two limitations are actually concerned with the linear properties of the
fiber, modes, and excitation system. Accordingly, they can be solved by using the
LP0,m basis and associated techniques as described in the previous chapters of this
thesis. As discussed in Chap. 2, step-index fibers can stably guide tens of LP0,m modes
over lengths more than sufficient for efficient conversion. Additionally, as described
in Chaps. 4 and 5, there are multiple methods for exciting desired LP0,m modes while
suppressing parasitic mode content. In this chapter, we use the LP0,m platform to
investigate the third question posed above: are there any advantages of intermodal
interactions relative to typical monomode FWM?
In the first section of this chapter, intermodal FWM is demonstrated in the spon-
taneous regime (i.e. not seeded). A supercontinuum pumped in the LP0,6 mode
196
is used to, in turn, pump a cascade of intermodal FWM processes resulting in the
spontaneous generation of visible peaks of decreasing visible wavelength with corre-
spondingly increasing LP0,m mode order. Analysis of the efficiencies of all possible
processes in the fiber is used to determine a simple rule governing the evolution of
the cascade, highlighting the large number of potential processes available to highly
multi-moded systems. Additionally, using spatial light modulator (SLM)-based mode
excitation, we demonstrate that spontaneous intermodal processes can be directly ex-
cited without the need for supercontinuum generation by coupling light to exclusively
the desired pump mode or mode(s) of the fiber.
In the second section of the chapter, we use the methods described in Sec. 5.5.3 to
equally partition pump light from the wavelength-tunable laser described in Sec. 7.2
into the LP0,4 and LP0,5 modes, resulting in an intermodal FWM process that provides
broadband FWM gain (63 nm wide at 1550 nm) at large wavelength shifts from the
pump (∼790 and ∼1550 nm); thus circumventing the bandwidth vs. wavelength-
separation trade-off inherent in monomode systems (Sec. 8.2). We seed this process
with a low-power Er-doped fiber laser to generate high-peak-power (∼10 kW) quasi-
continuous-wave (∼300 ps) wavelength-tunable (786-795 nm) radiation in the 7XX nm
wavelength band – essentially creating an all-fiber analogue of the Ti:Sapphire laser.
9.1 Spontaneous intermodal four-wave mixing
9.1.1 Cascaded intermodal four-wave mixing
Consider the phase matching condition for FWM:
βp(λp) + βq(λq)− βs(λs)− βi(λi) ≈ 0 (9.1)
where βn is given by 2πneff/λ and the nonlinear phase mismatch (Sec. 3.2) has been
assumed to be negligible. In order for monomode FWM to occur, the pump dispersion
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must be near-zero, meaning that neff (λ) is approximately linear, with the form:
neff (λ) = aλ+ b (9.2)
where a and b are arbitrary constants. If this definition for neff (λ) is substituted into
Eq. (9.1), then the following relation can be obtained
b(
1
λ1
+
1
λ2
− 1
λ3
− 1
λ4
) = 0 (9.3)
Given that the energy of a photon is proportional to its frequency, and thus the
reciprocal of the wavelength, Eq. (9.3) is exactly the energy matching condition for
FWM. Therefore, any four photons that fall on a line in effective index, that are also
energy matched, are necessarily phase matched.
Figure 9·1: Effective index versus wavelength for LP0,6-LP0,18 modes.
Black line is a linear fit of LP0,6 mode over 700-1400 nm.
Fig. 9·1 shows neff as a function of wavelength for the LP0,6 through LP0,18 modes
in the dual-core fiber (OD = 115 µm, described in Sec. 6.1). The LP0,6 mode in this
fiber has near-zero anomalous dispersion at the pump wavelength (λ =1064 nm, D =
2.2 ps/nm-km). Accordingly, near the pump (∼700-1400 nm), neff versus wavelength
is approximately linear, and we expect continuous phase matching. Below 700 nm,
increasing normal dispersion causes the effective index to diverge from this linear
approximation, thus monomode phase matching is no longer possible. However, if
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we fit a line (black line in Fig. 9·1) to the portion of the neff curve which is linear,
and then extend it to lower wavelengths, it will intersect the effective index curves
for other HOMs (a zoomed-in plot of the crossing points is inset in the figure). This
implies that energy-matched solutions involving photons at these crossing points are
phase-matched, allowing for intermodal FWM processes in this fiber.
To investigate these potentially phase-matched intermodal processes, we pump
in the LP0,6 mode to create a supercontinuum which, in turn, seeds many possible
interactions. Fig. 9·2 shows a schematic of the setup used for these experiments. The
pump laser is a neodymium-doped yttrium-aluminum garnet (Nd:YAG) microchip
laser amplified by a ytterbium-doped large mode area (LMA) gain fiber, as discussed
in Sec. 7.1. For these experiments, the laser emits 34.7 kW of peak power in 0.5-
ns pulses with a repetition rate of 19.56 kHz. The laser is coupled into the core
of the fiber under test (FUT) (dual-core fiber, OD = 115 µm, Sec. 6.1.1) and then
converted by a long period grating (LPG) to the LP0,6 mode. The output of the fiber
is interrogated with cameras, an optical spectrum analyzer (OSA), and a silicon linear
charge-coupled device (CCD) spectrometer in order to characterize the spectrum and
modal content. The output of the fiber in the far-field (inset Fig. 9·2) comprises rings
with different diameters and visible wavelengths. Given that the far-field intensity
pattern of a Bessel-like fiber mode is a ring, the far-field image indicates that a range
of modes of different order and color are being generated within the fiber.
Fig. 9·3 shows the evolution of the continuum as a function of sample fiber length.
The spectra are generated by stitching together data from the OSA for long wave-
lengths, and data from the CCD-array spectrometer for short wavelengths. The OSA
is saturated at the pump wavelength; the actual power at 1064 nm is 20 dB above
that shown in the spectra. At 2.3 meters, modulation instability (MI) gain peaks
are visible, as expected given the near-zero anomalous dispersion of the LP0,6 mode.
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Figure 9·2: Setup used for nonlinear experiments. Insets (left to
right): LP0,6 mode generated by the LPG, cross section of the dual-
core fiber, diagnostic equipment, and a real color image of the output
of the fiber in the far field.
For longer fiber lengths, these peaks begin to fill in and form a supercontinuum due
to the interplay between FWM and Raman scattering (Wadsworth et al., 2004). At
the longest lengths, there are discrete peaks in the visible region of the spectrum. In
total, frequency generation spans nearly two octaves.
The mode content in the fiber was characterized using a silicon camera for all
wavelengths below ∼1200 nm, and a vidicon camera for longer wavelengths. Spectral
features were isolated using a series of bandpass filters with 10-nm-wide pass bands
at full-width-half-maximum. The mode within the continuum region (700-1400 nm)
remains LP0,6 (Fig. 9·3(a) and (b)), in keeping with the region of Fig. 9·1 where the
effective index curve of LP0,6 is well approximated by a linear fit. The visible peaks,
however, correspond to different higher order modes. The first peak at 678 nm is in
the LP0,7 mode (Fig. 9·3(c)), and the mode order of each subsequent peak increases
monotonically as the wavelength decreases. The last resolved peak is in the LP0,16
mode at 453 nm (Fig. 9·3(l)).
The simple picture of intermodal phase-matching shown in Fig. 9·1 suggests that
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Figure 9·3: Output spectra and mode images from intermodal FWM.
Red, topmost spectrum was obtained with a fiber of length 16.3 m.
Lower spectra correspond to 10.3, 8.3, 6.3, 4.3, 2.3, and 1.3 m fiber
lengths, respectively (offset for clarity), for 34.7 kW of input peak
power. Left inset spectrum is a zoomed-in view of the 16.3 m spec-
trum, highlighting intermodal peaks in the visible region. Mode images
(using 10 nm bandpass filters) are shown for representative portions of
the continuum spectrum ((a) and (b)), and each of the discrete peaks
((c)-(l)). Reproduced from Fig. 3 in (Demas et al., 2015).
phase-matched intermodal processes can occur for a wavelength where the effective
index of a given mode crosses the linear fit of the pump mode in the zero-dispersion
regime. Fig. 9·4(a) shows these simulated intersection points, along with the measured
wavelengths of each peak in the visible portion of the spectrum as a function of
mode order. There is very good agreement between the simulation and measurement.
However, the intersection points only predict the mode and wavelength for one of
the photons interacting in the process. In order to truly analyze the origin of these
peaks, the wavelength and modes of the other photons in the FWM process must be
determined.
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We systematically consider all of the possible processes in the fiber, with some
necessary simplifications. We make the assumption that each visible peak is the
anti-Stokes wave resultant from some FWM process. Furthermore, we only consider
processes involving modes at the wavelengths we observed them. A small bandwidth
of ±16.5 THz is given to each of the visible peaks to account for the small discrepancy
between the predicted and measured FWM peaks in Fig. 9·4(a), likely due to some
inaccuracy in our modeling of the test fiber. The LP0,6 mode is allowed over the
full range of the continuum, 700-1400 nm. We consider all combinations of modes at
the wavelengths where they were observed to determine which processes are energy-
matched and phase-matched. The threshold for phase matching is given by ∆β ≤
0.001 µm−1. Cases where energy and phase matching are simultaneously upheld are
considered valid FWM processes.
Figure 9·4: (a) Simulated intersections between the straight line fit
and effective indices shown in Fig. 9·1, compared to the measured wave-
lengths of each peak in the visible portion of the spectrum. (b) Calcu-
lated effective area for FWM (AFWM) for all valid processes of a given
anti-Stokes mode order. (c) Schematic representation of the cascade
process described in Eq. (9.4): each anti-Stokes LP0,m peak is gener-
ated by one photon from the pump laser (LP0,6 at 1064 nm), and one
photon in the LP0,6 mode; the Stokes photon is generated in the long-
wavelength portion of the LP0,6 continuum. Reproduced from Fig. 4
in (Demas et al., 2015).
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With these constraints in place, there are still multiple valid processes that could
give rise to each of the peaks and further analysis is necessary. The efficiency of any
FWM process is proportional to the effective area for four wave mixing (AFWM) as
discussed in Chap. 3 (AFWM = f
−1
ijkl, where fijkl is given by Eq. (3.12)). The process
with the smallest AFWM is expected to dominate other FWM processes. Fig. 9·4(b)
shows the AFWM for all of the valid processes leading to a given anti-Stokes peak in
mode LP0,m. The smallest AFWM processes follow a simple rule which holds for all of
the visible peaks:
βp0,6|λ=1064 nm + βq0,m−1 = βi0,m + βs0,6 (9.4)
For each minimum AFWM process, the pump laser at 1064 nm (LP0,6, p) and one of
the visible peaks (LP0,m−1, q) act as FWM pumps to create a Stokes photon in the
long wavelength portion of the continuum (LP0,6, s), and an anti-Stokes photon at
the next visible peak (LP0,m, i). This process repeats in a cascaded fashion to create
all of the visible peaks (Fig. 9·4(c)). The fact that there are 11 resolvable cascaded
peaks underscores the stability of the modes in this fiber.
The cascade peaks described by this rule are the dominant observed peaks, how-
ever, as evident in the cascade spectra inset in Fig. 9·3, there is a second set of peaks
adjacent to the dominant ones. These peaks correspond to different LP0,m modes
– indicating that the simplification of limiting each mode to the bandwidth of the
dominant peak likely underestimates the number of possible FWM processes in the
fiber. Indeed, the number of possible combinations should scale as N4, where N is the
number of stable modes. For this case, we observed 11 stable modes, corresponding
to a potential of 114 = 14641 combinations in this fiber.
For the longest lengths of fiber, we also observed that the long wavelength side of
the continuum transitions from the LP0,6 mode to LP1,5 at a wavelength of approxi-
mately 1450 nm. This transition manifests as a small dip in the continuum spectrum.
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If the power is increased (up to 86 kW), the LP1,5 portion of the continuum extends
further in wavelength and then transitions to LP0,5 at ∼1525 nm. For both of these
modes, we were not able to find phase matching conditions to suggest that they result
from FWM processes. If these modes are in fact due to FWM through some phase-
matched process we have not found, then there is likely significant LP1,m content in
the fiber. The overlap integral fijkl, which informs the efficiency of a FWM process,
is zero for the case where three LP0,m modes and one LP1,m mode interact – therefore
significant LP1,m content would be required for FWM to result in the LP1,5 mode
in the 1450-1525 nm wavelength region. It is perhaps more likely that both LP1,5
and LP0,5 were generated by a cascaded Raman process. Cascaded intermodal Ra-
man scattering involving modes of differing azimuthal symmetry has been previously
observed in the literature (Pourbeyram et al., 2013; Rishøj et al., 2017).
9.1.2 Discrete intermodal four-wave mixing
The experiments detailed above serve to highlight the sheer number of FWM pro-
cesses available in fibers with significant mode volume. However, demonstrating these
processes through supercontinuum generation is highly inefficient – in practical appli-
cations, direct excitation of the process by discretely exciting the constituent modes
at their respective wavelengths would be required. To that end, the LPG coupling
mechanism used in the previous experiments was insufficient for further exploration
as we needed the flexibility to be able to rapidly test many different modes of the
fiber. This sections describes experiments using binary phase plate (BPP) excita-
tion of single modes and superposition of modes at the pump wavelength to generate
various intermodal four-wave mixing processes in the spontaneous regime.
Fig. 9·5 shows the setup used for carrying out nonlinear experiments. The fixed-
wavelength pump source described in Sec. 7.1 is collimated and expanded via a 3×
telescope to a beam size of ∼3 mm. A polarization beam splitter (PBS) is used to
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Figure 9·5: Setup for SLM-based BPP excitation of HOMs for spon-
taneous intermodal FWM experiments.
ensure that the polarization state incident on the SLM is horizontal. Mode excitation
follows the BPP method described in Sec. 5.3: the SLM is programmed with a BPP
targeting a desired mode or a superposition of modes, and a lens which works in
conjunction with a physical lens (f = 8 mm) to couple the light into 7.5 m of step-
index multi-mode FUT (Sec. 6.1). The following section details the experimental
results from a subset of the different pump configurations tested which highlight
some of the typical symmetries we observe in the intermodal case.
For the first experiment, the BPP targets the LP0,5 mode. At the pump wave-
length, this mode has highly normal dispersion (−11.9 ps/nm-km) and we expect to
see β(4)-mediated phase matching at wavelengths far from the pump. Interestingly,
monomode FWM is not observed, despite the fact that simulations predict an anti-
Stokes peak at 747 nm, well within the bandwidth we are capable of measuring with
our OSA. We suspect that a number of factors could be responsible for inhibiting
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this process, but two potential causes are that LP0,5 is close to cut-off at the Stokes
wavelength (∼1.9 µm) and the material loss is non-negligible.
Instead of monomode FWM, we observe a discrete intermodal FWM process. Two
LP0,5 pump photons couple to an anti-Stokes wave in the LP0,6 mode and a Stokes
wave in the LP0,4 mode. Fig. 9·6(a) shows the simulated phase matching curve for
this process. Unlike monomode processes, phase matching does not cross zero at the
pump wavelength, and has a “v” shape that is characteristic of many intermodal
processes, especially those with LP0,m + LP0,m → LP0,m+1 + LP0,m−1 symmetry. The
simulated phase matching gradient for the process is steep (10.5 ps/m), predicting
narrowband FWM gain peaks in keeping with typical demonstrations of intermodal
FWM (Stolen, 1975).
Figure 9·6: (a) Simulated phase matching for an intermodal process
pumped by the LP0,5 mode resulting in a LP0,6 anti-Stokes wave, and a
LP0,4 Stokes wave: ∆β = 2β
p
0,5−βs0,4−βi0,6. (b) Experimental spectrum
for LP0,5 pumping with 21.4 kW of input power. Mode images for pump
(blue border, λ= 1064 nm), Raman (purple border, λ= 1121 nm), anti-
Stokes (red border, λ = 967 nm) and Stokes (red border, λ = 1183 nm)
waves are shown inset.
Fig. 9·6(b) shows an experimental spectrum for pumping the LP0,5 mode with
21.4 kW of peak pump power in the fiber. The pump mode (blue border) couples to
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anti-Stokes radiation (red border) in the LP0,6 mode at 967 nm, and Stokes radiation
(red border) in the LP0,4 mode at 1183 nm, in keeping with the simulated phase
matching curve. The 10-dB bandwidth of the anti-Stokes peak (0.8 nm) is narrow, as
predicted by the large phase matching gradient. The AFWM for the process (922 µm
2)
is larger than the effective area of the mode (598 µm2). Therefore we expect that
the gain slope efficiencies of FWM and Raman scattering are nearly equal (Sec. 3.3)
and accordingly there is significant Raman scattering (purple border, λ = 1121 nm)
evident in the spectrum. We expect that were the FWM process seeded, it would
dominate the competition between the two effects.
Next, the SLM was configured to pump the fiber with the LP0,4 mode. LP0,4
has larger normal dispersion than LP0,5 (−18.5 ps/nm-km), and simulations predict
monomode FWM peaks even further from the pump than the LP0,5 case. As in the
LP0,5-pumped experiment, these peaks are not observed, likely due to a combination
of a very steep phase matching gradient (29.7 ps/nm-km), poor stability of the LP0,4
mode at short wavelengths (687 nm), and material loss for the Stokes wave (λS ∼
2.4 µm). Once again, an intermodal process with the same symmetry as the previous
case is observed: LP0,4 pump light couples to a LP0,5 anti-Stokes wave and a LP0,3
Stokes wave (simulated phase matching shown by the red curve in Fig. 9·7(a)) with
a phase matching gradient equivalent to the LP0,5-pumped process (10.5 ps/m).
Fig. 9·7(b) shows an experimental spectrum for pumping in the LP0,4 mode with
26.0 kW of input power. The simulated intermodal process occurs, resulting in power
transfer from the pump (blue border) to the anti-Stokes (LP0,5, red border) and Stokes
(LP0,3, red border) waves as well as Raman scattering (LP0,4, purple border) due to
the large AFWM for this process (999 µm
2) relative to effective area (Aeff) for LP0,4
(626 µm2).
Interestingly, there is a second set of peaks in the spectrum (green borders) where
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Figure 9·7: (a) Simulated phase matching for an intermodal process
pumped degenerately by the LP0,4 mode (∆β = 2β
p
0,4 − βs0,3 − βi0,5, red
line) and a process pumped by a combination of the LP0,4 and LP0,3
modes (∆β = βp0,3 + β
p
0,4 − βs0,4 − βi0,3, green line). (b) Experimental
spectrum for LP0,4 pumping with 26.0 kW of input power. Mode im-
ages for pump (blue border, λ = 1064 nm), Raman (purple border,
λ = 1121 nm), primary anti-Stokes (red border, λ = 957 nm), primary
Stokes (red border, λ = 1197 nm), secondary anti-Stokes (green border,
λ = 917 nm), and secondary Stokes (green border, λ = 1267 nm) are
shown inset.
the pump transfers energy to an anti-Stokes wave in the LP0,3 mode and a Stokes
wave in the LP0,4 mode. The wavelengths for these peaks are energy matched to
two photons from the pump, however, according to simulations, two LP0,4 photons
coupling to an LP0,3 anti-Stokes and a LP0,4 Stokes photon is not a phase-matched
process. Instead, this process results from the fact that the pump is not launched
entirely into the LP0,4 mode. Optimization of the phase plate parameters for these
experiments was achieved using feedback from the power at each of the FWM peaks
as measured on the OSA. In this instance, we suspect that this optimization method
led to a slightly oversized phase plate, leading to some parasitic power in the LP0,3
mode. Accordingly, the observed process corresponds to one LP0,4 and one LP0,3
photon each at the pump wavelength coupling to a LP0,3 anti-Stokes wave and a
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LP0,4 Stokes wave.
The phase matching curve for this process (green line, Fig. 9·7(a)) has a signifi-
cantly different shape from the characteristic “v” of the LP0,m + LP0,m → LP0,m+1
+ LP0,m−1 symmetric processes. In fact, the curve predicts two sets of solutions –
one inner pair corresponding to the peaks in the measured spectrum above, and one
outer pair which we did not observe, likely because LP0,3 does not propagate stably
for short wavelengths and the Stokes wavelength (>2.1 µm) may experience high ma-
terial loss. While processes with “v”-shaped phase matching appear to be relatively
agnostic to pump wavelength and mode order, processes with this LP0,m + LP0,m+1
→ LP0,m + LP0,m+1 symmetry are highly sensitive. As described in the next section,
as pump wavelength increases, the two sets of peaks evident in Fig. 9·7(a) will begin
to merge – leading to broadband parametric gain at wavelengths far from the pump.
Given that the LP0,4-pumped case, along with the experiments in Sec. 9.1.1 have
demonstrated that intermodal FWM processes need not be pump-mode-degenerate,
we devised an experiment to probe discrete, spontaneous divided-pump processes. To
this end, we use the stretched BPP technique described in Sec. 5.5.3 to partition the
pump laser between adjacent LP0,m modes. Note that in these experiments, we did
not optimize the input beam size relative to the BPP, therefore we expect parasitic
mode content was not necessarily well-suppressed.
Fig. 9·8 corresponds to an experiment where a LP0,6 phase plate is stretched
relative to the monomode excitation case, leading to a superposition of the LP0,5
and LP0,6 modes at the pump wavelength. Controlling the stretching of the phase
plate gives us the ability to adjust the balance of power between the LP0,5 and LP0,6
modes. We observe two intermodal FWM processes in this case. The first is the same
process shown in Fig. 9·6: the LP0,5 content in the pump interacts degenerately to
produce an LP0,4 Stokes wave and and LP0,6 anti-Stokes wave with characteristic “v”-
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shaped phase matching (green line, Fig. 9·8(a)). The second process results from the
interaction of a LP0,5 photon with a LP0,6 photon at the pump wavelength, leading
to an LP0,7 anti-Stokes photon and a LP0,4 Stokes photon. This dual-pump FWM
process (as well as other processes with LP0,m + LP0,m+1 → LP0,m+2 + LP0,m−1
symmetry) share the “v” shape phase matching typical of many intermodal FWM
processes, leading to narrow phase-matching gradients (15.4 ps/m in this case).
Figure 9·8: (a) Simulated phase matching for a LP0,5 monomode-
pumped process (red line): ∆β = 2βp0,5 − βs0,4 − βi0,6 (the same one
shown in Fig. 9·6), as well as a dual-mode-pumped process (green line):
∆β = βp0,5 + β
q
0,6 − βs0,4 − βi0,7. (b) Experimental spectrum for pumping
with a LP0,6 phase plate stretched by a factor of 1.14 and 29.6 kW of
input power. Mode images for the pump (blue border, λ =1064 nm),
inner anti-Stokes (red border, λ =967 nm), inner Stokes (red border,
λ =1183 nm), outer anti-Stokes (green border, λ =942 nm), and outer
Stokes (green border, λ =1222 nm) are shown inset.
Fig. 9·8(b) shows an experimental spectrum obtained by pumping the FUT with
29.6 kW of power using a LP0,6 phase plate stretched by 14% relative to the nominal
case. The mode images of the pump (blue border) and Raman scattering peak (purple
border) exhibit low visibility in the nulls between the rings, indicating that these are
superpositions rather than pure modes (Sec. 4.1.1). Two sets of FWM pairs are
evident. The inner pair of peaks (LP0,6 at 967 nm and LP0,4 at 1183 nm, red borders)
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correspond to the same FWM process illustrated in Fig. 9·6. The other process results
from the interaction of an LP0,5 and LP0,6 photon at the pump wavelength which
create a LP0,7 anti-Stokes photon (green border, 942 nm) and a LP0,4 Stokes photon
(green border, 1222 nm). For this experiment the phase plate size (1.14× nominal)
was optimized such that the strength of both FWM processes were approximately
equivalent.
We might expect that the LP0,6 portion of the pump should excite a monomode
β(4)-mediated FWM process as well, given that the dispersion is near-zero and normal
(−3.9 ps/nm-km) for the pump wavelength. However, we suspect that by optimizing
the phase plate size to equalize power between the intermodal processes, the super-
position heavily favors the LP0,5 mode, such that LP0,6 only has sufficient power
to interact with LP0,5 and not with itself. If we shrink the phase plate toward the
nominal size, the monomode LP0,6 process appears, consistent with our expectations.
The parametric gain bandwidths of the processes demonstrated in this section
are all fairly narrow, consistent with observations from previous experiments in in-
termodal FWM. While the next section will demonstrate that is not always the case,
it is worth considering applications for these interactions. One potential application
may be entangled photon pair generation for quantum information systems. In these
instances, having a narrow line width can actually be beneficial, especially when cou-
pling single photons to quantum systems (cooled atoms or quantum dots, for example)
which have intrinsically narrow transitions. If the bandwidth of the process matches
that of the target system, less photons are wasted and coincidence rates increase.
Additionally, these experiments demonstrate simultaneous FWM processes where
the relative strength of each FWM peak can be adjusted, allowing for the possibility
of a source for generating multiple entangled pairs. Currently, the FWM lines are
wavelength-distinguishable, so this system would be akin to a multiplexed source
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of multiple information channels; an interesting avenue for further research would
be to explore proper pump mode excitation to increase the number of simultaneous
channels. Furthermore, if means were found to remove the distinguishability between
these channels, this platform might be a source for higher-dimensional entanglement.
9.2 Seeded intermodal four-wave mixing
The previous section describes demonstrations of a variety of different intermodal
FWM interactions in the spontaneous regime, highlighting the large number of pro-
cesses available in highly multi-moded fibers. Here, we consider a very specific subset
of that space, ‘mmnn’ -symmetric FWM processes, in order to demonstrate that the
intermodal regime can not only provide unique phase matching solutions, but also
that these solutions are readily applicable to high-power frequency conversion and
have advantages relative to the monomode regime.
9.2.1 Properties of ‘mmnn’ -symmetric intermodal processes
As discussed in the previous section, in order to truly cover the entire phase match-
ing space available to a given MMF, one must consider N4 processes (where N is the
number of guided modes), as well as a continuum of different pump wavelengths and
fiber diameters, making the simulation space somewhat intractable. To that end, in
searching for processes where broadband intermodal FWM gain can be achieved, we
have made some secondary requirements to truncate the space. First, we consider
wavelength-degenerate pumping schemes to keep the experimental apparatus practi-
cal. Additionally, we require that the pump is non-degenerate in mode order. In the
previous section, all of the mode degenerately-pumped processes resulted in charac-
teristic “v”-shaped phase matching, which, while potentially applicable to quantum
information systems, is not ideal for high-power frequency translation. To that end,
only considering non-mode-degenerate process ideally ensures a higher fraction of
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unique processes.
As a final restriction, we consider only processes that have the following symmetry:
LP0,m + LP0,n → LP0,m + LP0,n. The rationale behind this restriction is to ensure
that the processes we interrogate will have high efficiency with respect to Raman
scattering by maintaining a small AFWM (relative to Aeff for the pump modes). In
the previous section, the majority of the processes considered were composed of three
or more different LP0,m modes, and accordingly, the AFWM values for these intermodal
interactions were roughly double the Aeff of the pump mode, leading to competition
with Raman in the spontaneous domain. While seeding these processes may help
FWM dominate the competition, a favorable gain slope ratio between Raman and
FWM (Sec. 3.3) gives some tolerance to the necessary longitudinal homogeneity of the
sample fiber. In an ‘mmnn’ symmetry, we can assume that the modes are well-guided
such that the fields of mode m at the pump and anti-Stokes wavelengths are identical.
Making the same assumption for mode n at the pump and Stokes wavelengths, the
overlap integral fmmnn (Eq. (3.12), Sec. 3.1) reduces to an intensity overlap between
the mth and nth modes. While this overlap may not be as large as the fmm or fnn,
it is likely larger than an overlap between four arbitrary modes, where, due to the
oscillations of the modal amplitudes, the multiplication of the fields for some radial
discs might yield negative values and thus count against the integral. For ∼50-µm
core diameter fibers, we have found AFWM for ‘mmnn’ symmetric processes is only
∼30% larger than Aeff for the pumps, as opposed to ∼60% for processes like those
demonstrated in the previous section.
With these restrictions in place, we have conducted simulations to determine
properties of ‘mmnn’ -symmetric interactions. The most interesting results correspond
to cases where m is the anti-Stokes (and pump) mode, n is the Stokes (and other
pump) mode, and n > m. Fig. 9·9 shows simulated phase matching (a) and small-
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signal parametric gain (b) as a function of pump wavelength for an example of an
‘mmnn’ -symmetric process consisting of the LP0,4 and LP0,5 modes in the step-index
fiber (Sec. 6.1.2). At the shortest pump wavelength (λp = 1043.5 nm, purple curve in
Fig. 9·9(a)), ∆β curves up through the gain bandwidth (gray shaded region) and then
reverses direction and crosses back down through at a larger wavelength separation
from the pump, in a fashion equivalent to the LP0,3 + LP0,4 → LP0,3 + LP0,4 process
demonstrated in the previous section (Fig. 9·7(a)). As a result, the corresponding
parametric gain has two pairs of peaks (purple curve, Fig. 9·9(b)). As the wavelength
of the pump increases, the zero-gradient point where ∆β reverses direction between
the two crossing points drops down closer to the gain bandwidth, causing the peaks to
move closer together. At λp = 1044.9 nm (red lines in Fig. 9·9), the two peaks merge as
the zero gradient point of ∆β moves into the phase-matched region, forming a single
broadband peak on either side of the pump. The simulated gain bandwidth is similar
to that of an MI peak from a monomode FWM process in the anomalous dispersion
regime, while the separation between the gain peaks is nearly-octave-spanning. As
the pump wavelength is increased further, ∆β dips below the phase-matched region,
causing the gain peaks to shrink and then disappear.
The behavior illustrated for the 4455 process above is typical of ‘mmnn’ symmetric
processes – for a given core diameter, a set of modes m and n will provide simulta-
neously broadband and wideband parametric gain at a particular pump wavelength.
Thus diameter, modes, and pump wavelength are coupled. Simulations reveal that in
order to operate with a larger fiber diameter or at a longer pump wavelength, higher
mode orders are required. It is not necessary that the modes m and n be adjacent;
however, in practice we have found that exciting a superposition of adjacent modes
is most amenable to the coupling systems we have developed.
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Figure 9·9: Simulated phase matching (a) and small-signal parametric
gain (b) calculated for intermodal 4455 FWM process in 2 m of the step-
index fiber as a function of pump wavelength. Parametric gain curves
offset by 100 dB for clarity.
9.2.2 4455 experiments
Fig. 9·10 shows the experimental setup used to demonstrate ‘mmnn’ -symmetric pro-
cesses. The pump laser is the wavelength-tunable source described in Sec. 7.2, oper-
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ating at wavelengths near 104X nm with a 1-ns pulse duration, 5 kHz repetition rate
and ∼70 kW peak power. Additionally, a seed laser is employed comprising an exter-
nal cavity diode laser (ECL) amplified by an Er-doped fiber amplifier, followed by a
free-space acousto-optic modulator to carve pulses. The seed is wavelength-tunable
from 1535-1570 nm with ∼200-mW peak-power, ∼300-ns pulses, at a 5 kHz repetition
rate which are temporally synchronized to the pump laser.
Figure 9·10: Setup for seeded 4455 experiments. Diagnostics include
thermal power meter, silicon and InGaAs cameras, fast photodiode and
oscilloscope, and an OSA.
A SLM-based coupling setup similar to the system used in Sec. 8.2 couples pump
light into an equally partitioned superposition of the LP0,4 and LP0,5 modes using
a stretched BPP (Sec. 5.5.3). A mode image at the pump wavelength is inset in
Fig. 9·10: the lack of visibility between the rings suggests that the mode image
corresponds to a superposition rather than a pure state, as expected. The input beam
size for the system was not optimized relative to the diameter of the phase plate, so
we expect that the system may suffer from poorly-suppressed parasitic mode content
(as high as ∼19% total parasitic power) at the pump wavelength. A second arm with
an additional SLM and a dichroic mirror are used couple the seed laser into the LP0,5
mode of the test fiber. Coupling efficiencies for both the pump and seed arms are
each ∼50%, leading 37 kW of pump peak power, and 100 mW of seed peak power in
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the fiber. The test fiber is 2 m of the step-index fiber described in Sec. 6.1.2.
Fig. 9·11 shows spontaneous (un-seeded) parametric fluorescence measured after
the sample fiber as a function of pump wavelength (each spectrum offset by 40 dB
for clarity). At the shortest pump wavelength (λp = 1046.2 nm, purple line), the
spectrum shows two gain peaks in keeping with the simulations in Fig. 9·9, although
interestingly, the strength of inner pair is larger than that of the outer pair. As pump
wavelength increases, the peaks begin to merge and the discrepancy in their relative
strengths decreases. At λp = 1047.6 nm (red line in Fig. 9·11(a), zoomed-in plot in
Fig. 9·11(b)) the peaks have merged into a single broadband gain region on either
side of the pump 1. The Stokes gain bandwidth is 63 nm wide, centered at 1550 nm,
and the anti-Stokes gain band is 17 nm wide, centered at 791 nm2. The wavelength
separation between the gain peaks is 762 nm. For longer pump wavelengths, the
gain peaks shrink and disappear in agreement with the simulations. For subsequent
experiments, the pump laser is fixed at 1047.6 nm and no further wavelength-tuning
is required.
Next we seed the 4455 process to demonstrate efficient FWM. Fig. 9·12(a) shows
spectra measured at the output of the fiber as a function of seed wavelength from
1535 to 1570 nm. 15XX nm seed light experiences parametric amplification, resulting
in depletion of the pump and transfer of energy to a new wave in the 7XX nm
regime. Mode images of the Stokes and anti-Stokes waves (inset above Fig. 9·12(a))
correspond to the LP0,5 and LP0,4 modes respectively, while the image at the pump
wavelength corresponds to a superposition of modes as expected for the intended 4455
1There is a small offset between the predicted (1044.9 nm, Fig. 9·9) and measured (1047.6 nm,
Fig. 9·11) wavelengths for this merger point, which is typical of the accuracy one can expect in
modeling phase matching for a given fiber sample.
2The discrepancy in the anti-Stokes and Stokes widths is due to the fact that energy matching
in FWM requires that the frequency bandwidth rather than wavelength bandwidth be conserved on
either side of the pump. It is simple to show that ∆ν = c∆λ/λ, therefore ∆λS/∆λAS = (λS/λAS)
2 =
3.8, in good agreement with the ratio of the measured bandwidths.
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Figure 9·11: (a) Measured spontaneous parametric fluorescence for
the 4455 case as a function of pump wavelength (each spectrum offset
by 40 dB for clarity. (b) Zoomed-in spectrum for the λp = 1047.6 nm
case.
process. Zoomed-in spectra at the anti-Stokes and Stokes wavelengths (Fig. 9·12(b)
and (c)) show that the characteristic narrow line width of the seed laser is preserved
in the generated anti-Stokes lines ranging from 786-795 nm. We expect that the 4455
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process should support a larger bandwidth than that demonstrated so far based on
the bandwidth of the measured spontaneous parametric fluorescence (Fig. 9·11). In
the current measurements, however, we were limited by the tuning range available
from our seed laser. Were a more suitable seed laser employed, we expect that the
full 17 nm tuning range predicted in Fig. 9·11(b) in the 7XX nm regime should be
possible.
Figure 9·12: (a) Seeded FWM spectra as a function of seed wavelength
with mode images at the anti-Stokes, pump, and Stokes waves inset
above. Zoomed-in spectra for the anti-Stokes and Stokes lines as a
function of seed wavelength.
Fig. 9·13 shows representative data for the temporal characteristics of the system
(λseed = 1545 nm). Fig. 9·13(a) shows the temporal profile of the pump with (green
line) and without (blue line) the seed present. The total pump depletion, correspond-
ing to the integrated depletion across the full pump profile (measured via the thermal
power meter), is limited in this case to 35% due to the significant fraction of the
pump power in the leading and trailing edges of the pulse (as discussed in Sec. 8.3).
However, the instantaneous depletion reaches 71%, leading to high peak powers for
the output pulses (Fig. 9·13(b) and (c)) of 11.2 kW at 792.5 nm, and 6.0 kW at
1545 nm where the discrepancy in peak powers corresponds to conservation of the
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photon number. If the pump power is increased slightly, the instantaneous deple-
tion actually decreases, suggesting all available pump power in the desired LP0,4 and
LP0,5 modes is being depleted. As high as 19% of the residual pump light may reside
in parasitic modes (Sec. 5.5.3) that cannot participate in the process, accordingly,
depletion of the energy in the desired pump modes may exceed 90%.
Figure 9·13: (a) Pump pulses with (green line) and without (blue
line) the 1545-nm seed present. Generated anti-Stokes (a) and Stokes
(b) pulses.
Fig. 9·14 shows the characteristics of the system as a function of seed wave-
length. The instantaneous pump depletion (Fig. 9·14(a)) is uniform across the seed-
ing range with an average of 64±4% depletion. Total pump depletion (blue line
Fig. 9·14(b)) is 33±3% with 21±2% transferred to the anti-Stokes and 9±1% to the
Stokes waves (purple and red lines respectively). The photon-to-photon transfer effi-
ciency is roughly 15% across the band, in reasonable agreement with the pump deple-
tion, indicating that the power is well-accounted for and the process is not hampered
by parasitic nonlinear effects (such as stimulated Raman scattering). High-peak-
power operation is consistent for all seed wavelengths, with an average peak power of
11±1 kW for the anti-Stokes pulses and 5.5±0.5 kW for the Stokes pulses with pulse
durations of approximately 0.6 ns at full-width at half maximum (FWHM). The
peak gain at the seed wavelength is ∼48 dB across the tuning range. No significant
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degradation of the system performance is evident at the edges of the tuning range,
suggesting that a larger operation bandwidth should be possible using a more widely
tunable seed laser.
Figure 9·14: System characteristics as a function of seed wavelength.
(a) Instantaneous pump depletion. (b) Pump depletion (blue line) and
transfer efficiencies to the anti-Stokes (purple line) and Stokes (red line)
waves. (c) Peak power for anti-Stokes (purple line) and Stokes (red line)
pulses. (d) Peak gain at the Stokes wavelength.
9.3 Summary
The experiments in this chapter describe the application of LP0,m modes to intermodal
FWM in the spontaneous and seeded regimes. In the first section, we have shown
spontaneous intermodal processes that cascade in mode order (ranging from LP0,6 to
LP0,16) and wavelength (678-443 nm) as well as discrete excitation of target intermodal
processes through tailoring of the pump mode or modes. This platform solves several
deficiencies typical of earlier intermodal FWM experiments (namely, mode stability
and excitation), allowing us to consider the full gamut of processes available in a
highly multi-mode fiber (which scale as N4 for N guided modes).
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In the second section of the chapter, we describe a novel class of processes with
the symmetry LP0,m + LP0,n → LP0,m + LP0,n which run counter to the typical
observation that intermodal FWM always leads to narrowband gain: instead, these
processes provide simultaneously broadband (63 nm at 1550 nm for the 4455 process
demonstrated) and wideband (nearly-octave-spanning separation between gain peaks)
operation – a feat that cannot be replicated by monomode FWM. Seeding this process
leads to a∼10 kW quasi-continuous-wave (CW) laser source, wavelength-tunable from
786-795 nm with efficiencies comparable to the monomode systems demonstrated in
the previous chapter (Sec. 8.2).
This source is, to the best of our knowledge, the highest peak power fiber laser
demonstrated in this wavelength range. Wavelength-tunable operation is facilitated
by tuning the low power (∼100 mW) seed laser rather than the high power pump,
enabling a relatively simple system compatible with a fully integrated all-fiber archi-
tecture (assuming a LPG-based mode excitation mechanism). Given the wavelength
range of operation, simplicity of wavelength tuning, and the possibility of a monolithic
implementation, this source represents a fiber analogue of the ubiquitous Ti:Sapphire
laser.
Further engineering challenges for this system include optimization of the pump
mode purity and pulse profile to improve instantaneous and overall efficiency, as well
as migration to LPG-based mode conversion to facilitate a monolithic, alignment-free
architecture. Additionally, the current experiments were limited by the peak power
available from the pump laser. As discussed in Sec. 8.3, this fiber should support a
4× increase in pump power prior to dielectric breakdown,3 and further scaling should
3The pump is comprised of the LP0,4 and LP0,5 modes, thus we expect that they will interfere
along the length of the fiber. We calculated the breakdown threshold using the peak intensity for
the case where the two modes interfere constructively. Given that the phase relationship between
the modes cycles at a time scale faster than the pulse duration, we expect this is a conservative
estimate.
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be possible with larger diameter fibers.
Another interesting consequence of the ‘mmnn’ -type symmetry is that the Stokes
and anti-Stokes are group-index-matched. In typical monomode processes, lack of
group index matching results in different velocities for the Stokes and anti-Stokes
pulses, limiting the length of fiber over which the pulses interact. Accordingly, efficient
FWM can only be achieved when the pulse duration is much longer than the walk-off
length (given by τ = ∆ngL/c, where ∆ng is the group index difference between the
Stokes and anti-Stokes wavelengths and L is the fiber length). As a result of the
inherent group index matching and large FWM gain bandwidths, ‘mmnn’ processes
might be of use for investigating FWM processes in the ultrafast regime (a 17 nm
bandwidth at 790 nm corresponds to a 39-fs transform-limited pulse).
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Chapter 10
Summary and Outlook
This chapter will provide a summary of the main experimental results contained in
this thesis and a discussion of possible future directions for further research.
10.1 Summary of current experiments
The techniques described in this thesis for controlling the linear properties of LP0,m
modes in multi-mode fibers (MMFs), including mode purity analysis, selective mode
excitation, and proper fiber design, comprise a complete platform to study nonlinear
interactions of higher order modes (HOMs). Here we apply this platform to the study
of monomode four-wave mixing (FWM) processes, demonstrating power-scalable and
wavelength-agile wavelength conversion to generate pulsed fiber laser sources at novel
wavelengths in the near-infrared. Additionally, this platform was used to study in-
termodal FWM in highly multi-moded waveguides – a space that has never before
been explored with the benefits of selective mode excitation and excellent propagation
stability. We have demonstrated the capacity of these fibers to allow for unique phase
matching conditions, including a class of processes that provides broadband gain at
wavelengths far from the pump, thus subverting the typical wavelength separation
vs. gain bandwidth tradeoff posed by monomode FWM systems. The specific results
of the thesis are as follows:
We have demonstrated a quantitative imaging technique, frequency-domain cross-
correlation imaging (fC2), for analyzing arbitrary ensembles of modes in near-real-
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time (a 100-fold improvement in measurement speed over previous C2 techniques)
with no necessary a priori information about the fiber. This method enabled several
different coupling schemes to selectively excite HOMs. First, long period gratings
(LPGs): ultra-violet (UV)-inscribed resonant couplers which convert the fundamental
mode to a target HOM with conversion efficiencies >99.9% and negligible insertion
loss. Second, axicons: conical lenses which create Bessel-Gaussian beams in their
focal plane, allowing for power-tolerant, low-loss (<1 dB), and high purity (>15 dB
parasitic mode suppression) coupling to target modes in the fiber. Finally, binary
phase plates (BPPs): phase structures which imprint the phase of a target mode
onto a Gaussian beam, allowing for rapidly-switchable coupling to target HOMs with
relatively low loss (∼3 dB when implemented with an spatial light modulator (SLM))
and high purity (>15 dB parasitic mode suppression).
We demonstrate two classes of MMFs suitable for guiding HOMs over length scales
of tens of meters. First, dual-core fibers employ a single-mode, photosensitive inner
core for LPG inscription, and a larger multi-mode outer core for guiding HOMs. While
the design is somewhat complicated by the need for an inner core, the benefit of LPG
compatibility makes these fibers ideal for developing packaged systems. Additionally,
a step-index fiber is capable of guiding HOMs with a simple, commercially-viable
fiber design. This class of fiber is ideal for very high peak power applications where
single-mode cores are not viable.
A series of parametric sources were demonstrated employing monomode FWM
interactions in HOMs in order to convert ∼100-ps pulsed radiation from a ytterbium
fiber laser to wavelengths across the near-infrared (880, 974, 1030-1045, 1084-1101,
1173, and 1347 nm). The large effective areas of HOMs in these fibers allow for
peak output powers on the order of ∼10 kW – an order magnitude above state
of art fundamental-mode-based wavelength conversion systems operating in this re-
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gion. These frequency converters serve to effectively broaden the bandwidth of a
ytterbium-doped fiber laser to cover the entire 800-1400 nm spectral region – a crucial
intermediate step for developing frequency-doubled fiber lasers operating at visible
wavelengths.
Finally, we demonstrate that fibers with high mode volume have a huge capacity
for providing phase matching through the interaction of different spatial modes –
thus approximating the angle-tuning capability of a χ(2) crystal. We show that the
commonly-held assumption that intermodal processes result in narrowband phase
matching (and thus are of no relative utility compared to monomode processes) is
not always true: ‘mmnn’ -symmetric processes can provide broadband gain (63 nm
at 1550 nm demonstrated) with nearly-octave-spanning wavelength shifts – thus sub-
verting the bandwidth tradeoffs posed by monomode FWM interactions. We seed a
‘mmnn’ -symmetric process between the LP0,4 and LP0,5 modes to facilitate conver-
sion of a ytterbium-doped fiber laser pump and erbium-doped fiber laser seed into
7XX nm light tunable from 786-795 nm with ∼10 kW peak output powers – thus
demonstrating a fiber analogue of the Ti:Sapphire laser.
10.2 Outlook
This section proposes a few future directions and further steps for the projects de-
scribed in this thesis.
10.2.1 Novel mode excitation mechanisms and monolithic design
A key aim of future experiments will be to improve, or likely replace, the mode ex-
citation mechanisms currently employed. While BPPs and axicons serve very well
for testing purposes and proof-of-concept demonstrations, they may not be ideal for
packaged systems. Current experiments rely heavily on SLMs for mode excitation due
to relative ease of alignment and compatibility with rapid testing of many modes and
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fibers. Incorporating these devices in future systems is not necessarily financially vi-
able, and limits the power-handling capability, particularly for scaling average power.
Additionally, whether SLMs are employed or otherwise, these systems are highly
alignment-sensitive, requiring periodic adjustment to combat mechanical drift and a
high degree of expertise to measure mode purity via either inspection or fC2 imaging.
As a result, future experiments will ideally migrate back to LPG-based mode
excitation. A second design iteration of the dual-core fiber which addresses the prob-
lems from the first generation (i.e. multi-moded core, poor longitudinal homogeneity)
would be ideal for further FWM experiments, especially because a single-mode core
would allow us to splice the test fiber directly to the output of the laser for monolithic,
alignment-free operation.
UV-inscribed gratings of course have drawbacks. Compatible fibers must have a
single-moded core, complicating design and fabrication. The resulting reduction of
the effective area (Aeff) of the fundamental mode in the core decreases the peak power
handling of the system due to nonlinearity, which can compromise the grating strength
or lead to unintended intermodal nonlinear effects. In light of these considerations,
LPGs inscribed through periodic tapering or femtosecond damage of a step-index
fiber may provide a solution without the need for a single-mode core. Provided that
pure excitation of the fundamental mode can be ensured prior to the grating (likely
achieved through tapering the fiber), this may be an interesting route for future
research.
Finally, an alternative means of mode conversion to consider is the fabrication
of phase elements on the tip of a fiber. Preliminary demonstrations of fabricating
micro-axicons on fiber tips are promising for HOM to Gaussian conversion, although
performance is still far from ideal (Grosjean et al., 2007; Nicholson et al., 2015). In
principle, on-tip inscription of BPPs might also be possible (Gissibl et al., 2016).
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While such devices would not be compatible with monolithic designs if inscribed at
the input of the fiber, they might be of use for output reconversion to a near-Gaussian
beam.
10.2.2 Visible fiber lasers
One of the main goals of this project was to use nonlinear frequency conversion to
translate ytterbium fiber lasers to visible wavelengths – specifically blue wavelengths
for underwater communications and sensing, and yellow lasers for sodium guidestar
generation. Currently, our systems are capable of generating near-infrared radia-
tion between 800-1400 nm with high peak power – therefore an additional frequency
conversion step is necessary.
Second harmonic generation (SHG) via bulk χ(2) materials is a well-understood
means to achieve the desired wavelengths of operation. The system described in
Sec. 8.2.2 has outputs at 974 and 1173 nm, which are each within nanometers of the
ideal wavelengths for frequency doubling to generate desired blue and yellow lasers.
Furthermore, we have already demonstrated low-loss (∼1 dB) axicon reconversion to
achieve a near-Gaussian beam. Frequency-doubling the Gaussian output of one of
our systems should be a relatively simple next step.
Alternatively, we can simplify the proposed system by targeting simultaneous
mode and frequency conversion. As discussed in Sec. 8.4, Bessel-like beams have large
transverse components of their free space wave vectors – if two of these modes interact
in a SHG interaction, the transverse components can cancel, allowing for conversion
to an on-axis (i.e. Gaussian) second-harmonic beam. Preliminary simulations have
suggested that efficient (>90%) conversion to a near-Gaussian (94% overlap with
Gaussian) beam is possible (Shatrovoy, 2015). Experimental validation of such a
process could be an interesting next step for developing visible fiber lasers.
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10.2.3 Four-wave mixing in the ultrafast domain
Aside from the engineering challenges associated with packaging and improving the
performance of the 4455 system described in Sec. 9.2, compatibility with short-pulse
(∼ ps) and ultrafast (< ps) operation is necessary order to fully replicate the benefits
of a Ti:Sapphire laser in an all-fiber format. We expect that unlike typical monomode
processes, this may be possible in the ‘mmnn’ -symmetric regime due to inherent group
index matching between the Stokes and anti-Stokes waves. Exploiting the lack of
walk-off in ‘mmnn’ -symmetric processes in order to develop ultrafast lasers at novel
infrared wavelengths could be a crucial application for intermodal FWM frequency
conversion systems.
10.2.4 Quantum information applications
Finally, the spontaneous FWM experiments described in Sec. 9.1.2 could have in-
teresting applications for entangled photon pair generation for quantum information
applications. The ensemble of pump modes used in the process can generate multiple
pairs of FWM peaks, providing multiple entanglement channels; conceivably, proper
partitioning of the pump modes could be used to increase the number of channels.
Investigating the noise properties and mode partitioning of these systems is an inter-
esting direction for future research and could potentially lead to significant advances
in fiber-based photon pair sources.
229
Appendix A
Scalar modesolver
A crucial aspect of working with HOMs is being able to simulate the properties
(transverse electric field, effective index, etc.) of the modes of a given fiber. There-
fore, we employ a scalar eigenmode solver (Ramachandran, 2010) to find numerical
solutions for the radial component of the transverse electric fields of LPl,m modes in
an arbitrary refractive index profile (the azimuthal component is given by cos(lφ) or
sin(lφ), Eq. (2.8)). This section discusses the engine for this code which employs a
discretization of the wave equation in order to pose an eigenvalue problem that can
be solved with standard numerical methods.
The radial portion of the wave equation for the transverse electric fields of modes
in a fiber is given by
r2
d2f(r)
dr2
+ r
df(r)
dr
+
[(
k20n
2(r)− β2) r2 − l2] f(r) = 0 (A.1)
where r is the radial coordinate, f(r) is the radial component of the electric field, k0
is the free space wave vector given by 2π/λ, n(r) is the refractive index of the fiber, l
is the azimuthal order of the mode, and β is the propagation constant. Rearranging,
we can obtain
d2f(r)
dr2
+
1
r
df(r)
dr
+
[
k20n
2(r)− l
2
r2
]
f(r) = β2f(r) (A.2)
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We define a matrix operator M such that
M ≡ d
2
dr2
+
1
r
d
dr
+
[
k20n
2(r)− l
2
r2
]
(A.3)
Thus the wave equation is equivalently represented by
Mf(r) = β2f(r) (A.4)
which is the classic form of an eigenvalue problem. Therefore, the eigenvalues (βl,m)
and eigenvectors (fl,m(r)) of the matrix M represent the properties of the modes
we are interested in, and can be found using standard numerical methods (we use
the MATLAB function ‘eigs’ in our solver). To simplify the calculation and in-
crease computational speed, we employ the finite-difference method to approximate
the derivatives in M such that
df(i)
dr
≈ 1
2
[
f(i−1)−f(i)
δr
+ f(i)−f(i+1)
δr
]
(A.5)
d2f(i)
dr2
≈ 1
δr
[
f(i−1)−f(i)
δr
− f(i)−f(i+1)
δr
]
(A.6)
where i is the discretization index, and δr is the discretization step in the radial
coordinate. Thus the diagonal, and first two off-diagonals of M are required to
determine the system. Using the approximations for the first and second derivatives
shown above, the diagonals are given by
M(i, i) = n(i)2k20 −
2
δr2
− l
2
r(i)2
(A.7)
M(i, i− 1) = 1
δr2
− 1
2r(i)δr
(A.8)
M(i, i+ 1) =
1
δr2
+
1
2r(i)δr
(A.9)
Given that adjacent diagonals are each required to determine each point of M, then
the boundaries of the matrix (i = 1 and N , where N is the number of points in the
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radial vector) require special conditions. The definitions for the boundary conditions
are dependent on the azimuthal order of the mode. When l is even, the inner boundary
conditions (i = 1) are given by
M(1, 1) = n(1)2k20 −
1
δr2
− 1
2r(1)δr
− l
2
r(1)2
(A.10)
M(1, 2) =
1
δr2
+
1
2r(i)δr
(A.11)
When l is odd, the inner boundary conditions (i = 1) are given by
M(1, 1) = n(1)2k20 −
3
δr2
− 1
2r(1)δr
− l
2
r(1)2
(A.12)
M(1, 2) =
1
δr2
+
1
2r(i)δr
(A.13)
The outer boundary conditions (i = N) are agnostic to azimuthal order, such that
M(N,N) = n(N)2k20 −
2
δr2
− l
2
r(N)2
+
1
2r(N)δr
(A.14)
M(N,N − 1) = 1
δr2
+
1
2r(i)δr
(A.15)
M is thus fully defined and can be solved.
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Appendix B
Fresnel propagator
This section describes beam propagation methods used for various simulations in
this thesis. Propagation is conducted in the Fresnel diffraction regime, which makes
the assumption that all diffraction angles are small, or equivalently, that the beam
is paraxial (Goodman, 2005). Under these conditions, it can be shown that the
propagation integral can be written in so-called ABCD matrix form (Collins, Jr.,
1970), given here in cylindrical coordinates
U2(ρ, φ) =
2π
iλB
eipiD
ρ2
λB
∞∫
0
r dr U1J0(
2πrρ
λB
)eipiA
r2
λB (B.1)
where A, B, C, and D are the components of the transfer matrix, λ is wavelength, U1
is the initial field, U2 is the final field, r is the initial radial coordinate, ρ is the final
radial coordinate such that ρ = Mr, where M is an arbitrary magnification. This
equation assumes that U1 is azimuthally constant. Higher-order angular dependence
can be modeled using different Bessel functions in the kernel of the integral. The
equation also ignores the constant phase due to propagation length.
The ABCD matrix can be used to describe different components for a system.
For example the ABCD matrix for free space propagation, Mp, is given by
Mp =
[
A B
C D
]
=
[
1 z
0 1
]
(B.2)
where z is the propagation distance. The matrix to describe the transfer function of
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a lens, Ml is
Ml =
[
A B
C D
]
=
[
1 0
− 1
f
1
]
(B.3)
where f is the focal length of the lens. The matrices for different operations can be
stacked to form one system matrix, so Eq. (B.1) only need be calculated once.
The propagator described by Eq. (B.1) can be solved numerically using standard
discrete integration methods. The relevant concerns for carrying out these calcual-
tions are ensuring accurate sampling of the fields in the initial and final planes, as
well as taking care to choose the magnification M between the planes accurately.
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Appendix C
Simulation of chirped grating spectra
To simulate chirped gratings, we use the transfer matrix approximation described in
(Erdogan, 1997). In this method, the grating is split into M segments of length ∆z.
It is often convenient to define M as the number of grating periods, and ∆z as Λ(z)
for each successive period. The method is accurate for M ∼ 100.
Each grating segment has a phase transfer function, Fi, defined like so:
Fi =
[
cos(γc∆z) + i
σˆ
γc
sin(γc∆z) i
κ
γc
sin(γc∆z)
i κ
γc
sin(γc∆z) cos(γc∆z)− i σˆγc sin(γc∆z)
]
(C.1)
where κ is given by the usual definition in Sec. 5.1.1, σˆ is z-dependent and given by
Eq. (5.7) in Sec. 5.1.5, and γc is defined by
γc = (σˆ
2 + κ2)
1
2 (C.2)
The amplitudes of modes a and b at the end of the grating (AM and BM) are
given by [
AM
BM
]
= F
[
A0
B0
]
(C.3)
where A0 and B0 represent the initial condition. The full transfer matrix F is given
by
F = FM · FM−1 · · · F1 (C.4)
Implementing these equations is straightforward using standard numerical methods.
It can be beneficial to leave coupling strength (κ) and grating visibility (v) as fitting
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parameters as measuring their values experimentally is prone to uncertainty.
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